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Covering-Based Rough Single Valued Neutrosophic Sets 


Yingcang Ma, Wanying Zhou, Qing Wan 
School of Science, Xi’an Polytechnic University, Xi’an Shaanxi 710048, China. E-mail: mayingcang @ 126.com, 892443522 @qq.com, wqysbe @ 163.com 


Abstract: Rough sets theory is a powerful tool to deal with un- 
certainty and incompleteness of knowledge in information systems. 
Wang et al. proposed single valued neutrosophic sets as an extension 
of intuitionistic fuzzy sets to deal with real-world problems. In this 
paper, we propose the covering-based rough single valued neutro- 
sophic sets by combining covering-based rough sets and single val- 
ued neutrosophic sets. Firstly, three types of covering-based rough 
single valued neutrosophic sets models are built and the properties 


of lower/upper approximation operators are explored. Secondly, the 
lower/upper approximations in two different covering approximation 
spaces are studied. The sufficient and necessary condition for gener- 
ating the same lower/upper approximations from two different cover- 
ing approximation spaces is discussed. Moreover, the relations of the 
three models are discussed and the equivalence conditions for three 
models are given. 


Keywords: covering-based rough sets, single valued neutrosophic sets, neutrosophic sets, covering-based rough single valued neutrosophic sets. 


1 Introduction 


Rough set theory (RST), proposed by Pawlak[1] in 1982, is one 
of the effective mathematical tools for processing fuzzy and un- 
certainty knowledge. The classical rough set theory is based on 
the equivalence relation on the domain. In many practical prob- 
lems, the relation between objects is essentially no equivalence 
relation, so this equivalence relation as the basis of the classic 
rough set model cannot fully meet the actual needs. For this a 
lot of extension models of Pawlak rough set are given. One ap- 
proach is to extend the equivalence realtion to similarity relation- 
s[2], tolerance relations[3], ordinary binary relations[4], reflex- 
ive and transitive relations[5] and others. The other approach is 
combining the other theory to get more flexible and expressive 
framework for modeling and processing incomplete information 
in information systems. Mi et al.[6] introduced the definitions 
for generalized fuzzy lower and upper approximation operators 
determined by a residual implication. Pei [7] studied generalized 
fuzzy rough sets. Zhang et al.[8] gave a general framework of in- 
tuitionistic fuzzy rough set theory. Yang et al. [9]proposed hesi- 
tant fuzzy rough sets and studied the models axiomatic character- 
izations by combining hesitant fuzzy sets and rough sets.Zhang et 
al.[10] further gave the construction and axiomatic characteriza- 
tions of interval-valued hesitant fuzzy rough sets, and illustrated 
the application of the model. 

Covering rough sets theory is an important rough sets theo- 
ry. Covering rough set model, first proposed by Zakowski[11] 
in 1983, Bonikowski et al. later studied the structures of cover- 
ing[12]. Chen et al. [13]discussed the covering rough sets within 
the framework of a completely distributive lattice. Zhu and Wang 
[14]proposed the reduction of covering rough sets to reduce the 
“redundant” members in a covering in order to find the “small- 
est” covering. Deng et al. [15] established fuzzy rough set mod- 
els based on a covering. Li et al. [16] proposed a generalized 
fuzzy rough approximation operators based on fuzzy coverings. 


Wei et al. [17]Jand Xu et al. [18] established the first and sec- 
ond types of rough fuzzy set models based on a covering. Hu et 
al.[19] proposed the third type of rough fuzzy set models based 
on a covering. Tang et al. [20] gave the fourth type of rough 
fuzzy set models based on a covering. 


Smarandache [21] proposed neutrosophic sets to deal with 
real-world problems. A neutrosophic set has three membership 
functions: truth membership function, indeterminacy member- 
ship function and falsity membership function, in which each 
membership degree is a real standard or non-standard subset of 
the nonstandard unit interval |O—, 1+ |. Wang et al. [22] intro- 
duced single valued neutrosophic sets (SVNSs) that is a gener- 
alization of intuitionistic fuzzy sets, in which three membership 
functions are independent and their values belong to the unit in- 
terval [0, 1]. Further studies have done in recent years. Such as, 
Majumdar and Samanta [23] studied similarity and entropy of 
SVNSs. Ye [24] proposed correlation coefficients of SVNSs, and 
applied it to single valued neutrosophic decision-making prob- 
lems, etc. 


SVNSs and covering rough sets are two different tools of deal- 
ing with uncertainty information. In order to use the advantages 
of SVNSs and covering rough sets, we establish a hybrid model 
of SVNSs and covering rough sets. Broumi and Smarandache 
proposed single valued neutrosophic information systems based 
on rough set theory [25]. Yang et al. proposed single valued neu- 
trosophic rough set model and single valued neutrosophic refined 
rough set model[26,27]. In the present paper, we shall propose 
covering-based rough single valued neutrosophic sets by fusing 
SVNSs and covering rough sets, and explore a general framework 
of the study of covering-based rough single valued neutrosophic 
Sets. 


The paper is organized as follows. After this introduction, In 
section 2, we provide the basic notions and operations of Pawlak 
rough sets, covering rough sets and SVNSs. Based on a SVNR, 
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Sect. 3 proposes three types of covering-based rough single val- 
ued neutrosophic sets. Properties of lower/upper approximation 
operators are studied. In Sect. 4, we investigate the relations of 
the three types models. The last section summarizes the conclu- 
sions and gives an outlook for future research. 


2 Preliminaries 


In this section, we give basic notions and operations on Pawlak 
tough sets, covering-based rough sets and SVNSs. 


Definition 2.1 Let U be a non-empty finite university and R be 
an equivalence relations on U. (U, R) is called a Pawlak approx- 
imation space. VX © U, the lower and upper approximations of 
X, denoted by R(X) and R(X), are defined as follows, respec- 
tively: 

R(X = {w €Ul[z]n ¢ X}, 

R(X = {2 €U|[z]R 1X FO}, 
where [x] p = {y € U|(x,y) € R}. R(X) and R(X) are called 
as lower and upper approximations operators, respectively. The 
pair (R(X), R(X)) is called a Pawlak rough set. 


Definition 2.2 Let U be a non-empty finite university, C' is a fam- 
ily of subsets of U. If none subsets in C' is empty and UC' = U, 
then C' is a covering of U. 


Definition 2.3 Let C be a covering of U, x € U. Mdo(ax) = 
{kK ECAWSECALE SAS CK = K =S)} is called the 
minimal description of x, When the covering is clear, we omit the 
lowercase C' in the minimal description. 


Definition 2.4 Let U be a space of points (objects), with a gener- 
ic element in U denoted by u. ASVNS A in U is characterized by 
three membership functions, a truth membership function T'4, an 
indeterminacy membership function I 4 and a falsity-membership 
function F'4, where Vu € U,T 4(u), [4(u), Fa(u) € [0,1]. That 
isT'4 :U > [0,1], 4 >U > (0, 1] and Fa :U > (0, 1]. 
There is no restriction on the sum of T4(u), [4(u) and F'4(u), 
thus 0 < Ta(u) + IT4(u) + Fa(u) < 3. 


Here A can be denoted ' = by A = 
((u, Ta(u),fa(u), Fa(u)ju € Uj, Vu € U,(Ta(u), 
T,4(u), Fa(u)) is called a single valued neutrosophic num- 
ber(S VNN). 


Definition 2.5 Let A and B be two SVNSs on U. If for any u € 
U, Ta(u) < Tp(u),la(u) > Ip(u), Fa(u) > Feu), then we 
called A is contained in B, denoted by A € B. 


If A € Band B € A, then we called A is equal to B, denoted 
by A= B. 


Definition 2.6 Let A be a SVNS on U. The complement of A is 
denoted by A°, where Vu € U, Tac(u) = Fa(u),Lac(u) = 
1 — Ta(u), Fac (uw) = LAC): 
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Definition 2.7 Let A and B be two SVNS on U. The union of A 
and B is a SVNS C, denoted by C = AW B, where Vu € U, 
To(u) = max{T4(u),Tp(u)}, Ic(u) = min{l4(u), Ip(u)}, 
Fo(u) = min{ F'4(u), Fp(u)}. 

The intersection of A and B is a SVNS D, denoted by D = 
Aim B, where Vu € U, Tp(u) = min{T4(u), Te(u)}, Io(u) = 
max{I,4(u),[p(u)}, Fo(u) = max{F'4(u), Fp(u)}. 


Proposition 2.8 [26] Let A and B be two SVNS on U. The fol- 
lowing results hold: 

(1)A€AWUBandBE AWB; 

(2) AmB€EAandAMB E B; 

(3) (A°)* = A; 

(4) (AU B)° = AS MB; 

(5) (Am B)° = A°U BS. 


3 Covering-based rough neutrosophic 
Sets 


Definition 3.1 Let U be anon-empty finite university, C' is a cov- 
ering of U, (U,C) be a covering approximation space. A is a 
SVNS of U. The first type of lower and upper approximations of 
A with respect to (U,C’), denoted by FL(A) and FU(A), are 
two SVNSs whose membership functions are defined as Vu € U, 

LPL(A) (uw) = inf {T'4(v)|v eS UMd(u)}, 

Tpra)(u) = sup{la(v)|v € UMd(u)}, 

Frya)(u) = sup{Fa4(v)|v € UMd(u)}, 

Tru(a)(u) = sup{Z'4(v)|u € UMd(u) }, 

Tpy(a)(u) = inf{La(v)|v € UMd(u)}, 

Fry(A) (uw) = inf{ Fia(v)|v = UMd(u)}. 
The pair (F' L(A), FU(A)) is called the first type of rough sin- 
gle valued neutrosophic set based on covering C.. F- L(A) and 
FU(A) are called as the first lower and upper approximations 
operators, respectively. 


Definition 3.2 Let U be anon-empty finite university, C' is a cov- 
ering of U, (U,C) be a covering approximation space. A is a 
SVNS of U. The second type of lower and upper approximations 
of A with respect to (U,C), denoted by SL(A) and SU(A), are 
two SVNSs whose membership functions are defined as Vu € U, 

Tsr(a)(u) = inf{T4(v)|v € AM d(u)}, 

Tgrcay(u) = sup{la(v)|v € NM d(u)}, 

Fgra)(u) = sup{F4(v)|v € NM d(u)}, 

Tsu(a)(u) = sup{Z'4(v)|u € NM d(u)}, 

Isu(A) (u) = inf{I4(v) lv = AM d(u)}, 

Fsu(A) (u) = inf{ F'a(v)|v S OM d(u)}. 
The pair (SL(A), SU(A)) is called the second type of rough s- 
ingle valued neutrosophic set based on covering C. SL(A) and 
SU (A) are called as the second lower and upper approximations 
operators, respectively. 


Definition 3.3. Let U be anon-empty finite university, C' is a cov- 
ering of U, (U,C) be a covering approximation space. A is a 
SVNS of U. The third type of lower and upper approximations 


Yingcang Ma, Wanying Zhou, Qing Wan. Covering-Based Rough Single Valued Neutrosophic Sets 


Neutrosophic Sets and Systems, Vol. 17, 2017 


of A with respect to (U,C), denoted by TL(A) and TU(A), are 
two SVNSs whose membership functions are defined as Vu € U, 
IT L(A) (u) = SUD KEeMa(u)MfoeK{Ta(v) ff, 


ITL(A) (u) = infremad(u){SUPyen {lau} tt 
Fryca)(u) = infxema(u){SUPye Kt PA(v) f F- 
TTu(A) (u) = infeemMd(u){SUPyeK {LT A(v) th 


ITu(A) (u) = SUD KeMa(u)UMfvew {la(v) fF, 

Frycay(t) = supe nsatuy {ithvex {Fa(0)}} 
The pair (T L(A), TU(A)) is called the third type of rough sin- 
gle valued neutrosophic set based on covering C. TL(A) and 
TU(A) are called as the third lower and upper approximations 
operators, respectively. 


Example 3.4 Let U = {a,b,c,d}, kK, = {a,b},Ko = 
{b,c}, Kk3 = {ced}, C = {hy, Ko, K3}. A single val- 
ued neutrosophic set A = {(a, (0.2,0.8,0.1)), (b, (1, 0.3, 1)), 
(c, (0.5, 0.3, 0)), (d, (0.6,0.7,0.5))}, then Md(a) = {{a,b}}, 
Mad(b) = i{a, b}, 16,ch}, Md(c) = {{6,c}, 1c, d}}, Md(d) = 
{{c, d}}. Thus, 


Tr(a) (a) = inf {T'4(v)|v e UMd(a)} = inf {T'4(a), 
at b) aint) 0,2, 1-02, 

Bee) = inf{Ty4(v)|v € UMd(b)} = inf{T (a), 

T4(b), T4(c)} = inf{0.2, 1, 0.5} = 0.2. 

Oe = inf{Ty(v)|v € UMd(c)} = inf{T (0d), 

Tale F ata) } = init 1.0.5, 0.6): 0.5. 

Tr(a) (d) = inf{T'4(v)|v Se UMd(d)} = inf {T'4(c), 
Ta(d))} = inf{0.5,0.6} = 0.5. 

Tru(a)(a) = sup{Ta(v)|v €¢ UMd(a)} = sup{T (a), 
T4(b)} = sup{0.2, 1} = 1. 

a = sup{T,4(v)|v € UMd(b)} = sup{T4(a), 

T4(b), Ta(c)} = sup{0.2,1,0.5} = 1. 

— Oe = sup{Tia(v)|u € UMd(c)} = sup{T4(d), 

Ta(c), Z4(d)} = sup{1, 0.5, 0.6} = 1. 

Truia)(d) = sup{T4(u)|u € UMd(d)} = sup{Ta(c), 
T4(d))} = sup{0.5, 0.6} = 0.6. 

Ipra)(a) = sup{la(v)|v € UMd(a)} = sup{la(a), 
T4(b)} =sup{0.8, 0.3} = 0.8. 

oe = sup{la(v)|ju € UMd(b)} = sup{la(a), 

T,(b), T4(c)} = sup{0.8, 0.3, 0.3} = 0.8. 

ee = sup{l4(v)|u € UMd(c)} = sup{l,(b), 

Ta(c), Ta(d)} = sup{0.3, 0.3, 0.7} = 0.7. 

Tpra)(d) = sup{la(v)|u €¢ UMd(d)} = sup{la(c), 
T,(d))} = sup{0.3, 0.7} = 0.7. 

Tpyay(@) = inf{I4(v) |v S UM d(a)} = inf{I4(a), 
I,(b)} = inf{0.8, 0.3} = 0.3. 

oo — inf{I4(v)|v G UMd(b)} _ inf{I4(a), 

T4(b), La(c)} = inf{0.8, 0.3, 0.3} = 0.3. 

Fa = inf{la(v)|v € UMd(c)} = inf{l,4(d), 

Ta(c),14(d)} = inf{0.3, 0.3, 0.7} = 0.3. 

Ipy(a)(d) = inf{la(v)|v € UMd(d)} = inf{Ia(c), 
I,(d))} = inf{0.3, 0.7} = 0.3. 

Frra)(a) = sup{Fa(v)|v € UMd(a)} = sup{F'a(a), 
F4(b)} = sup{0.1,1} =1. 

Frra)(b) = sup{Fa(v)|v € UMd(b)} = sup{Fa(a), 


F4(b), Ta(c)} = sup{0.1, 1,0} =1. 
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Fpyay(e) = sup{Fa(v)|v € UMa(c)} = sup{Fa(d), 
Fa(c), Fa(d)} = sup{1,0,0.5} = 1. 

Fryay(d) = sup{Fa(v)|v € UMd(d)} = sup{Fa(o) 
F4(d))} = sup{0,0.5} = 0.5. 

Fryia)(a) = inf{Fa(v)|jv €¢ UMd(a)} = inf{Fa(a), 
Fa(b)} = inf{0.1,1} = 0.1. 

Pe = inf { F'a(v)|v Ss UMd(b)} = inf{ F'4(a), 

F4(b), Fa(c)} = inf{0.1, 1,0} = 0. 

Peels = inf { F'a(v)|v S UMd(c)} = inf { F'4 (6), 

Fa(c), Fa(d)} = inf{1,0,0.5} = 0. 

Fryia)(d) = inf{Fa(v)|v € UMd(d)} = inf{Fa(c), 
Fa(d))} = inf{0,0.5} = 0. 

Thus, 
FL(A) = {(a, (0.2, 0.8, 1)), (b, (0.2, 0.8, 1)), (c, (0.5, 0.7, 1)), 
(d, (0.5, 0.7, 0.5))}, 
FU(A) =  {(a,(1,0.3,0.1)), (b, (1,0.3,0)), (e, (1, 0.3, 0)), 
(d, (0.6, 0.3, 0)) }. 

Similarly, 
SL(A) = {la,(0.2,0.8,1)), (b, (1,0.3, 1)), (c, (0.5, 0.3, 0), 
(d, (0.5, 0.7, 0.5)) }, 
SU(A) =. {(a,(1,0.3,0.1)), (b, (1,0.3,1)), (c, (0.5,0.3,0)), 
(d, (0.6, 0.3, 0))} 
TL(A) = {(a, (0.2, 0.8, 1)), (b, (0.5, 0.3, 1)), (c, (0.5, 0.3, 0.5), 
(d, (0.5, 0.7, 0.5)) }, 
TU(A) = {la c, (0.6, 0.3, 0)), 


(103-050). 6:10, 03.0.1) 


Proposition 3.5 The first type of rough single valued neutro- 
sophic lower and upper approximation operators defined in Def- 
inition 3.1 has the following properties: /A,B € SVNS(U), 


(1) FL(U) =U, FU(U) =U; 

(2) FL(0) = 0, FU(0) = 9; 

(3) FL(A) € A € FU(A); 

(4) FL(AMB) = FL(A)MFL(B), FU(AUB) = FU(A)U 
FL(B); 


(J)AE B= FL(A) € FL(B) AGC B= FU(A)E& 
FU(B); 

(6) FU(AMB) € FU(A)MFU(B), FL(AWB) D> FL(A)U 
FL(B); 


(7) FL(A®) = (FU(A))’, FU(A®) = (FL(A))* 

Proof: (1) Ter(y)(u) = inf{Tu(v)|u €¢€ UMd(u)} = 1, 
Tru(u)(u) = sup{Ty(v)|ju € UMd(u)} = 1, Irrwy(u) = 
sup{ly(v)|vu ¢ UMd(u)} = 0, Ipuqyy(u) = inf{Iu(v)|uv € 
UMd(u)} = 0, Frr)(u) = sup{Fy(v)|u ¢ UMd(u)} = 0, 
Fry(u)(u) = inf{Fy(v)|v €¢ UMd(u)} = 0, thus FL(U) = 
U,FUU) =U. 

(2) Trr@y(u) = inf{Ty(v)|v € UMd(u)} = 0, Tru(gy(u) = 
sup{7y(v)|u € UMd(u)} = 0, Ipz@)(u) = sup{lg(v)|v € 
UMd(u)} = 1, Iru@)(u) = inf{Ig(v)|v € UMd(u)} = 1, 
Fro (e) = sup{Fo(v)}e € UMA} = 1, Frog) = 
inf{ Fg(v)|v € UMd(u)} = 1, thus FL(0) = 0, FU(0) = 0. 

(3) Being u € UMd(u), so Trrcay(u) = opt aM \lu € 
UMd(u)} < Tatu) < Tryya(u) = sup{Ta(v)|v € 
UMd(w)} = Iprpay(u) = sup{Ta(v)|v € UMd(a)} > 
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Ta(u) > Ipuyay(u) = inf{la(v)\vu € UMd(u)} =, 
Frra)(u) = sup{Fa(v)|ju € UMd(u)} > Fa(u) > 
Fryia)(u) = inf{Fa(v)|v ¢ UMd(u)} =, thus, FL(A) € 
A € FU(A). 

(4) Trr(A m B)(u) = inf{Tamp(v)|v € UMd(u)} = 
inf{min{T4(v),7pB(v)}|u € UMd(u)} = min{inf{T4(v)|v € 
UMd(u)},inf{Tp(v)}|u ¢ UMd(u)} = min{Tpr4)(u), 
Tryp) (u)}- 

Ip~p(A m B)(u) = sup{lamp(v)|ju € UMd(u)} 


= sup{max{I4(v), Ip(v)}lv < UMd(u)} 
max{sup{I4(v)|u € UMd(u)},sup{Ip(v)}|u € UMd(u) 
= max{Iry4)(u), Lrrcey(u)} 

Frry(A m B)(u) = sup{Fams(v)ju € UMd(u) 
= sup{max{ F'4(v), Fa(v) tu E UMd(u)} 
max{sup{F'a(v)|u € UMd(u)},sup{Fg(v)}|u € UMd(u) 
= max{fpra)(u), Frrp)(u)}. Thus, FL(A (n B) 
FL(A) m FL(B). 

Truy(A UW B)(u) = sup{Taus(v)|ju € UMd(u) 
= sup{max{T'4(v), Tp(v) }lv E UMd(u)} 
max{sup{T'4(v)|v € UMd(u)},sup{Tp(v)}|u € UMd(u)} 
_ max{T'ry(a) (uw), IFu(B) (u)}. 

Ipy(A WU) B)(u) _ inf {I auB(v)|v = UMd(u)} 
= inf{min{I4(v), [p(v) $v E UMd(u) } 
min{inf{I4(v)|vu € UMd(u)},inf{Ip(v)}|u € UMd(u)} 
= min{l py) (u), Iru(B) (uw) }. 

Fry(A WU B)(u) = inf{Faup(v)|ju € UMd(u)} 
inf{min{F'4(v), Fe(v)}|v € UMd(u)} = min{inf{ F'4(v) |v 
UMd(u)},inf{Fe(v)fjyu <¢ UMd(u)} = min{Frrcay(u 

So (4) holds. 

(5) If A € B, then Try 4)(u) = inf{Z4(v)|v € UMd(u) 
< inf {TpB(v) |v € UMd(u)} = TFL(B) (u), TPL(A) (u) 
sup{I4(v)|v € UMd(u)} > sup{Ip(v)|ju € UMd(u)} 
Tpyp)(u), Froay(u) = sup{Fa(v)|ju €¢ UMd(u)} 
sup{Fa(v)|v € UMd(u)} = Frrpy(u). So, FL(A) 
FL(B). 

The similar method we can get A € B => FU(A) © FU(B). 
So (5) holds. 

(6)BengAMBEAECAUB,ANBE BE AWB, from 
(5), (6) holds. 

(7) Trray(u) = inf{Tyc(v)|\v € UMd(u)} = 
inf{ F'a(v)|v € UMd(u)} = Fryya)(u) = Tru ayy) (&)- 

Tprac)(u) = sup{lyc(v)|v € UMd(u)} = sup{l — 
Ta(v)|u € UMd(u)} = 1 — inf{I4(v)|v € UMd(u)} = 
1 — Ipyay)(u) = Lruaye(u). 

Frrac)(u) = sup F'4e(v)|u € UMd(u)} = sup{T'4(v)|v € 
UM d(u)} = Truca)(u) = Furucay)<) (u). 

So, FL(A°) = (FU(A))°. The similar method we can get 
FU(A°) = (FL(A))°, thus (7) holds. 

Remark: FL(FL(A)) = FL(A) and FU(FU(A)) = 
FU(A) do not hold generally. 

Similarly, we can get the following proposition. 


| 


WH 


WH 


WH = ; | | | 


M IV Il 


Proposition 3.6 The second type of rough single valued neutro- 
sophic lower and upper approximation operators defined in Def- 
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inition 3.2 has the following properties: /A,B €¢ SVNS(U), 

(1) SLU) =U,SUU) =U; 

(2) SL(0) = 0, SU(@) = 0; 

(3) SL(A) EAE ae 

(4) SL(AMB) = 
SL(B); 

(5)A € B= SL(A) € SL(B), A € B => SU(A) € 
SU(B); 

(6) SU(AMB) € SU(A)MSU(B), SL(AUB) D> SL(A)U 
SL(B); 

(7) SL(A®) = 


SL(A) mSL(B), SU(AU B) = SU(A)U 


(SU(A))°, SU(A®) = (SL(A))* 
Proposition 3.7 The third type of rough single valued neutro- 
sophic lower and upper approximation operators defined in Def- 
inition 3.3 has the following properties: /A,B €¢ SVNS(U), 

ThE) =U) =v; 

(2) TL(0) = 0, TU(D) = 9; 

(3) TL(A) € AE TU(A); 

(4)/A€ BSsTL(A) €TL(B) ASC Bs TU(A) € 
TU(B); 

(5) TU(AMB) € TU(A)MFU(B), TL(AUB) DTL(A)U 


TL(B); 

(6) TL(A®) = (TU(A))*, TU(A®) = (FL(A))*. 

(7) TL(TL(A)) = TL(A), TU(TU(A)) = TU(A). 

Proof: The proofs of (1)-(6) are similar to the Proposition 3.5, 
we only show (7). 


Letu € U, Md(u) = { ky, Ko, ue eras 
IT L(A) (wu) = SUD ke Md(u) {infyeK (TA) (v))} 
= sup{inty, ek, {T'a(v1)}, infyseKe {Ta (v2)}; 


Mil ER tL Ae) ta Without loss of generality, 
let Ky; € Md(u), Trp a) (u) = infy,cK,{Ta(ui) }, then 
for 7 A it,infy,cn,{Ta(vui)} = inf,,cx,{Ta(v;)}. Let 
vi € K;, from Definition 3.3, we have Trri4)(vi) = 
suPcway tintvea(TAV())} > infer (TAY) 
= Trra(u). Being Vo,exK,Trra(%i) 2 Trrayu))> $ 
infy,cKi Tria} = Trra)(u). Let v3 € Kj,7 F Fj 
so infy,cx,([rra)(us)} < Trrca))(u) holds. Thus, 
Trr(ri(A))(u) = SUD KeEMa(u) foe {Tray (v) fF 
= sup{infycK,{Trra).)}, Mfvexs{Trrcay(vs) f° * > 
inf,,,¢ Kim (ATL(A)(0m) t+ = LTL(A)(¥)- 

Ipra)(u) = inf KeMa(u){SUPyeK (4) (v))$ 
- nf{sup,cx{La(r)}, SUP yx, {La(va) } 

sup, cx, la(vm)},}. Without loss of generality, 
le K; € Md(u), Iprca)(u) = sup,,cr,{la(vi)}, then 
for 7 # t,supyex,{la(vi)} < supy,ex,{la(vj)}- Let 
v; € K;, from Definition 3.3, we have Ipz4)(ui) = 
infcemawy{SuPyex (A)(0))} < supy.ex,(KA)(vi)) = 
Ipyay(u). Being Vo,ex;Urzna(vi) < Irrayu)), $0 
SUP, eK Uri (ay(uit = Iriay(u). Let vj € Kj,g # 2, 
so supy,cx,Uriay(vj)} 2 Irxay)(u) holds. — Thus, 
Ipr(ry(A))(u) = inf ee Ma(u)18UPyeK (Ira) (v) fF 
=  inf{sup, ex, Urr(ay(r) }) SUPvge Ky UTL(A)(va) fs 
SUPy,, eK m ATL(A) (om) Ss = Ira) (u). 
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Fry) (u) = inf Kemd(u) SUPveK (F(a) (v))} 
inf{supy,,ex,tFa(i)f, SUP» ex, 1F'a(v2) f, 

SUD pees A Una) fot Without loss of generality, 
let kK; € Md(u), Frray(u) = supycx,{Fa(vi)}, then 
for 4 F i, 8UPy cK, {fa(vi)$ = supy cK, 1fa(v;)- Let 
vi; € K;, from Definition 3.3, we have Fpz(4)(vi) = 
inf Kema(v;){SUPyex(F(A)(v))} <<  SuPy, en, (F(A) (%)) 
= Fryay(u). Being Vo,ex,(Frica)(vi) < Frrcayuy)s 80 
SUP, cK, (PTL(A)(v;) t = Fra) (u). Let U7 € aed <1, 
so supy.cx,tPrxa)(vj)} 2 Frxay)(u) holds. — Thus, 
Frrry(A)y) (u) = inf Ke Ma(u){SUPyeK (fra) (v) $F 
=  inf{supyeK, rL(aj(vi)t> SUPyex, tPTL(A)(w2)F°* 
SUDy,, CK m WET L(A)(um) ts = Pry(a)(u)- 

That is, TL(TL(A)) = TL(A), the similar way we can get 
TU(TU(A)) = TU(A). So (7) holds. 

Remark: TL(AMB) = TL(A)MTL(B) and TU(AW B) = 
TU(A) YW TL(B) do not hold generally. 


4 The relations among the three types 
of covering-based rough single valued 
neutrosophic sets models 


Definition 4.1 Let C,, C2 are two coverings on a non-empty fi- 
nite university U, u € U, VK € Mdco,(u), there exists K’ © 
Mdo,(u), such that K" © K, which is called C2 is thinner than 
C1, denoted by Cg ~< Cy. If Co < Cy and Cy < Co, which is 
called C equals Cy, denoted by Cy = Cp». otherwise, which is 
called C', does not equal Cp, denoted by Cy # Co. IfCo < Ci 
and C1 # Co, it is called C2 is strict thinner than C1, denoted 
by Co < Cy. FVK €U,K €C, & K € CO, it is called Cy 
identity to C2, denoted by Cy = C. 


Proposition 4.2 Let C,C2 are two coverings on a non-empty 
finite university U, Cy, < Co», A is a single valued neutrosophic 
set on U. We have: 
(1) Fic, (A) € Fle, (A) € A € FUc, (A) € FUc, (A); 
(2) SLo, (A) Cc SLeo, (A) GAGE SUC, (A) € SUc, (A); 
(3) TLe, (A) € Tle, (A) € A € TU, (A) € TUc, (A). 


Proof: We only show (3). 

Letu € U, Tri, (au) = suPKema(uytint{Ta(v)|v € 
K}}, Treo, (a(t) = suPKemay int{Ta(v)|v € K’}}, 
being Cy xX Cy, then VK’ € Mdo,(u),dK 
Mdg,(u), such that K C Kk’, so infyex{Ta(v)} 
infyerr{Ta(v)}- $0 supxearac, ay inven {Ta(v)}} 
SUP K/EMdc, (u) UNfveK {Ta (v) f}; that 1s Lie. (A) 
EG hes, (A: 


IV IV IV 


[pig (AU) = imfxemau{suptla(v)|u € KS}, 
Ip 1¢,(A)(U) = inf Krema(u){sup{la(v)| UO © Ves 
being Cy xX Cy, then VK’ € Mdo,(u),dKk 


Mdc,(u), such that K C Kk’, so sup,ex{la(v)} 
supyex it a(v)}. So infxemace, (u) {SUPvex Lalu) } 
infxreMde,(u) (SUPyex ila(v)}}, that is Ipzp (a) 
Lie (Ay 


INIA IA 


i 
Frro (A)(u) = infxema(u){sup{Fa(v)|ju © Kf}, 
Frrio,(Ay(u) = infxrema(u{sup{Fa(v)| v € K'f}, 
being Cy xX Cy, then VK’ € Mdo,(u), dK 


Mdc,(u), such that K C MK’, so sup,ex{Fa(v)} 
suPyex{Ta(v)f. So infxemdc, (u) {UPvex Alu) fh 
inf Ke Md, (u) {sup,en {fa(v) }}, that is ies (A) 
Erie: (A): 

Thus we can get TLc,(A) € TLc, (A), the similar way we 
can get TUc,(A) € TUc,(A). According Proposition 3.7, we 
can get TLc,(A) € TLo, (A) € A € TUc, (A) € TUc,(A) 
holds. 


INIA IA 


Definition 4.3 Let C' be a covering of a domain U and K € C. 
If K is a union of some sets in C' — K, we say K is reducible in 
C’, otherwise K is irreducible. Let C' be a covering of U. If every 
element in C' is irreducible, we say C is irreducible; otherwise C' 
is reducible. VK € C, if K is reducible in C’, then we can omit 
K from C, until C' is irreducible, which is called a reduction of 
C’, denoted by reduct(C). 


Let (U,C) be a covering approximation space, reduct(C’) is 
the reduction of C’, being Vu € U, Md(u) is same in C’ and 
reduct(C’), so C = reduct(C’), so we can get the following 
result. 


Proposition 4.4 Let (U,C’) be a covering approximation space, 
reduct(C’) is the reduction of C’, then A © SVNS(U), C and 
reduct(C’) generate the same covering-based lower/upper ap- 
proximations for each type of covering-base rough single valued 
neutrosophic set. 


Proposition 4.5 Let C,, C2 are two coverings on a non-empty 
finite university U, then VA, the lower/upper approximations for 
each type of covering-base rough single valued neutrosophic set 


are same in (U,C) and (U, C2) iff reduct(C1) = reduct(C2). 


Proof: < Being reduct(C,) = reduct(C2), VA, A is a single 
valued neutrosophic set on U, from Proposition 4.2 we can get 
the results hold. 

=> We just prove the third types of rough single valued neutro- 
sophic set model, the others are similarly. 

Proof by contradiction. Assume reduct(C,) 4 reduct(C2), 
let K€ reduct(C,),K ¢ reduct(C2). We have 
FLreduct(C,)(k) = K (here K be a single valued neutro- 
sophic set, Tx(u) = 1, if u € K, otherwise Tx (u) = 0. 
Ik(u) = 0, if u € K, otherwise Ix(u) = 1. FR(u) = 0, 
if wu € K, otherwise Fx(u) = 1). From Proposition 4.4, if 
kK has the same covering-based rough single valued neutrosoph- 
ic set in (U,C) and (U,C>2), then kK has the same covering- 
based rough single valued neutrosophic set in (U, reduct(C;)) 
and (U, reduct(C2)), 80 F Lreduct(C,)(K) = K. Being K ¢ 
reduct(C), then there exist ky, k2,--- ,kn € reduct(C2), such 
that kK = Uj<i<nk;. For each k; € reduct(C2), there exist 
kit, ki2,-°° sie e reduct(C;), such that k; = Oieeeea it 
so kK = Ut<i<n Ui<j<m, hij, that is K is reducible in 
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reduct(C), which is contradiction that reduct(C) is a reduc- 
tion of C’. So the result holds. 

Vu € U,VK € Md(u), it is obviously that VMd(u) C Kk C 
UMd(u), so we can get the following proposition. 


Proposition 4.6 Let (U,C) be a covering approximation space, 
A is a single valued neutrosophic set, then FL(A) € TL(A) © 
SL(A) € A € SU(A) € TU(A) € FU(A). 


Proposition 4.7 Let (U,C) be a covering approximation space, 
A is a single valued neutrosophic set, then the three types 
covering-based rough single valued neutrosophic sets are equiv- 
alence iff Vu © U, inf{A(v)|vu € UMd(u)} = inf{A(v)|v € 
AMd(u)} and Vu € U, sup{A(v)|u € UMd(u)} = 
sup{A(v)|u € NM d(u)} 


Proof: < From Proposition 4.6 we can get TLc,(A) © 
TLo,(A) € A € TUg,(A) € TUc,(A), being Vu € U, 
inf{A(v)|v € UMd(u)} = inf{A(v)|v € NMd(u)}, from Def- 
inition 3.1, 3.2, 3.3, we can get FL(A) = SL(A) = TL(A) and 
FU(A) = SU(A) = TU(A). 

=> If the three types covering-based rough single valued neu- 
trosophic sets are same, from Definition 3.1, 3.2, 3.3, we can 
easily get Vu © U, inf{A(v)|v € UMd(u)} = inf{A(v)|v € 
AMd(u)} and sup{A(v)|u € UMd(u)} = sup{A(v)|u € 
AM d(u)}. 


5 Conclusion 


In this paper, we proposed the hybrid models of single valued 
neutrosophic refined sets, covering-based rough sets and 
covering-based rough single valued neutrosophic sets. 
Specifically, we explored the hybrid models through three 
different definitions and give the basic properties. Moreover, 
we discussed the relations of the three models. For the future 
prospects, we plan to explore the application of the proposed 
model to data mining and attribute reduction. 
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Abstract. Neutrosophic set is a new mathematical tool filter in pseudo-BCI algebras are introduced, and 


for handling problems involving imprecise, indetermi- 
nacy and inconsistent data. Pseudo-BCI algebra is a 
kind of non-classical logic algebra in close connection 
with various non-commutative fuzzy logics. Recently, 
we applied neutrosophic set theory to pseudo-BCI al- 
gebras. In this paper, we study neutrosophic filters 
in pseudo-BCI algebras. The concepts of neutrosophic 
regular filter, neutrosophic closed filter and fuzzy regular 


some basic properties are discussed. Moreover, the 
relationships among neutrosophic regular filter, fuzzy 
filters and anti-grouped neutrosophic filters are prese- 
nted, and the results are proved: a neutrosophic filter 
(fuzzy filter) 1s a neutrosophic regular filter (fuzzy 
regular filter), if and only if it is both a neutrosophic 
closed filter (fuzzy closed filter) and an anti-grouped 
neutrosophic filter (fuzzy anti-grouped filter). 


Keywords: Neutrosophic set, Pseudo-BCI algebra, Neutrosophic Filter, Neutrosophic Regular Filter, Fuzzy Regular Filter. 


1 Introduction 


In 1998, Florentin Smarandache introduced the concept 
of a neutrosophic set from a philosophical point of view 
(see [16, 17, 18]). The neutrosophic set is a powerful gen- 
eral formal framework that generalizes the concept of 
fuzzy set and intuitionistic fuzzy set. In this paper we work 
with special neutrosophic sets, they are called single val- 
ued neutrosophic set (see [21]). The neutrosophic set the- 
ory 1s applied to many scientific fields (see [18, 19, 20]), 
and also applied to algebraic structures (see [1, 2, 15, 19]), 
it is similar to the applications of fuzzy set (soft set, rough 
set) theory in algebraic structures (see [11, 14, and 23]). 

In 2008, W. A. Dudek and Y. B. Jun [3] introduced the 
notion of pseudo-BCI algebra as a generalization of BCI 
algebra, it is also as a generalization of pseudo-BCK alge- 
bra (which is close connection with various non- 
commutative fuzzy logic formal systems, see [4, 24, 26, 27, 
28, and 32]). For non-classical logic algebra systems, the 
theory of filters (ideals) plays an important role (see [9, 12, 
13, 25, and 30]). In [7], the notion of pseudo-BCI filter 
(ideal) of pseudo-BCI algebras is introduced. In 2009, 
some special pseudo-BCI filters (ideals) are discussed in 
[10]. Since then, some articles related filters of pseudo- 
BCI algebras are published (see [29, 31, 33, and 34]). 

Recently, we applied neutrosophic set theory to pseudo 
-BCI algebras in [35]. This paper we further study on the 
applications of neutrosophic sets to pseudo-BCI algebras. 
We introduce the new concepts of neutrosophic regular fil- 


ter, neutrosophic closed filter and fuzzy regular filter in 
pseudo-BCI algebras, and investigate their basic properties 
and present relationships among neutrosophic regular fil- 
ters, anti-grouped neutrosophic filter and fuzzy filters. 

Note that, the notion of pseudo-BCI algebra in this pa- 
per is a dual of the original definition in [3], so the notion 
of filter is a dual of (pseudo-BCI) ideal in [7, 10]. 


2 Some basic concepts and properties 
2.1 On neutrosophic sets 


Definition 2.1''7 '* '?! Let X be a space of points (ob- 
jects), with a generic element in_X denoted by x. A neutro- 
sophic set A in X is characterized by a truth-membership 
function 7'4(x), an indeterminacy-membership function J,(x), 
and a falsity-membership function F4(x). The functions 
T4(x), [4(x), and F'4(x) are real standard or non-standard 
subsets of J 0, 1°[. That is, T(x): X J0, 1[, L(x): X> J, 
1"[, and F(x): X 0, 1°[. Thus, there is no restriction on 
the sum of 7,(x), [,(x), and F4(x), so 0 < sup74(x) + su- 
pl(x) + supF4(x) <3". 


Definition 2.2''! Let X be a space of points (objects) 
with generic elements in_X denoted by x. A simple valued 
neutrosophic set A in X is characterized by truth- 
membership function T7,(x), indeterminacy-membership 
function /,(x), and falsity-membership function F’,(x). Then, 
a simple valued neutrosophic set A can be denoted by 


A={(x , T(x), L(x), Fal) ) | EX}, 
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where 74(x), L(x), F'4(x)eE[0, 1] for each point x in X. 
Therefore, the sum of 7,(x), 14(x), and F(x) satisfies the 
condition 0 < 7,(x) + L(x) + F4(x) <3. 


Definition 2.3°'! The complement of a simple valued 
neutrosophic set A is denoted by A* and is defined as 


(VxeX) 
(2) =F (0), 1, (0) = 1-100), Fy (0) =F, (0). 


Then 
A={(x , F(x), 1-L,(x), Ty(x)) | x eX}. 


Definition 2.4"! A simple valued neutrosophic set A is 
contained in the other simple valued neutrosophic set B, de- 
note ACB, if and only if 74(x)< Tp(x), L(x) < Ip(x), F4(x)= 
F(x) for any x nx. 

Definition 2.5''! Two simple valued neutrosophic sets 
A and B are equal, written as A = B, if and only if ACB and 
BCA. 


For convenience, “simple valued neutrosophic set’ is 
abbreviated to “neutrosophic set” later. 

Definition 2.6°'! The union of two neutrosophic sets A 
and B is a neutrosophic set C, written as C=AUB, whose 


truth-membership, indeterminacy-membership and _falsity- 
membership functions are related to those of A and B by 


T{x)=max(T4(x), Ta(X)), Ic(x)=max(Ly(x), Lex), 
F(x)=min(F',(x), Fe(x)), VxeXx. 
Definition 2.7'°'! The intersection of two neutrosophic 
sets A and B is a neutrosophic set C, written as C=ANMB, 


whose truth-membership, indeterminacy-membership and 
falsity-membership functions are related to those of A and B 
by 
T (x)= min(T(x), Tax), Lc(x)=min((x), Le)), 
F(x)=max(F'4(x), Fe(x)), Vxex. 


Definition 2.8°"! Let A be a neutrosophic set in XY and 
a, B, ve[0, 1] with O<a+G+y <3 and (a, £ y)-level set of A 
denoted by 4°” is defined as: 


AGP V=k xEX | Ti(x)za, Lx)zPB, Fulx)<p. 


2.2 On pseudo-BCI algebras 

Definition 2.9"! A pseudo-BCI algebra is a structure (X; 
<, >, ~», 1), where “<” 1s a binary relation on_X, “—” and 
“>”? are binary operations on_X and “1” is an element of _X, 
verifying the axioms: for all x, y, zeX, 

(1) ypoz<(z>x)~ (vx), poZE(Z~X) (VX) 

(2) xSQ>y)y, XS); 

(3) xs; 

(4) x<y, ySx > x=y; 

(5) x<yp O xD V=l Oxy =. 


If (X3 <, >, ~», 1) 1s a pseudo-BCI algebra satisfying 
x>y =x~»y for all x, yeX, then (X; >, 1) is a BCI-algebra. 


Proposition 2.1” '! Let (X; <, >, ~», 1) be a pseudo- 
BCI algebra, then_X satisfy the following properties (Vx, y, 
zeX): 

(1) lxxv>x=1; 

(2) xSy D> VOZSX9Z, YHZEX~YZ;; 

(3) xSy, ySz > xXz; 

(4) x (Yoz)=y>(x~2z); 

(5) xSyHz 3 ymr~vz; 

(6) x>y<(z>x) (Zz y), XP VE (ZX) > (Z~y); 

(7) xSy D> ZAxXSZOy, 29 XKZ~; 

(8) lox=x, 1~rx=x; 

(9) (VOx)~x)Px=y x, ((VPX) FX) X= 

(10) x>y<(vox)~ 1, xy S(yrrx) 1; 

(11) @>y)9 1=0Q91)~Q~ 1), 

(xy) 1x >> Ds 

(12) x9 1l=x~~ 1. 


Definition 2.10'! A nonempty subset F of pseudo-BCI 
algebra X is called a pseudo-BCI filter (briefly, filter) of X 
if it satisfies: 

(Fl) 1leF; 

(F2) xEF,x>yeF > yeF; 

(F3) xeEF, x~yeFk > yeF. 


Definition 2.11”! A pseudo-BCI algebra X is said to be 
anti-grouped pseudo-BCI algebra if it satisfies the follow- 
ing identity: 

(G1) Vx, y, ZEX, (xy) (x z)= yz, 

(G2) Vx, y, ZEX, (xy) (XZ) yr z. 


Proposition 2.2”! A pseudo-BCI algebra_X is an anti- 
grouped pseudo-BCI algebra if and only if it satisfies: 


VxeXx, (x>1)>1=x or (x~ 1)~> 1 =x. 


Definition 2.12'””! A filter F of a pseudo-BCI algebra X 
is called an anti-grouped filter of X if 1t satisfies 


(GF) VxeEX, (x91) 1 EF or x lI) Le F>xeF. 


Definition 2.13”! A filter F of a pseudo-BCI algebra X 
is called a closed filter of X if 1t satisfies 
(CF) VxeX, x 1eF. 


Definition 2.14'! A filter F of pseudo-BCI algebra X is 
said to be regular if it satisfies: 
(RF1) Vx, yeX, yeF and x>yeF > xeF. 


RF2) Vx, veX, yveF and x~yek => xeF. 
( yeX, y y 


Proposition 2.3 **! Let XY be a pseudo-BCI algebra, F a 
filter of X. Then F is regular if and only if F' is anti-grouped 
and closed. 
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Definition 2.15°"**! A fuzzy set.4 in pseudo-BCI alge- 
bra X 1s called fuzzy filter of X if it satisfies: 

(FFL) VxeX, pa)Sua()); 

(FF2) Vx, veX, min {u4(x), a(x) § SH); 

(FF3) Vx, yeX, min {u4(x), Mary) j Sea). 


Definition 2.16"! A fuzzy set A: X >[0, 1] is called a 
fuzzy closed filter of pseudo-BCI algebra X if it is a fuzzy 
filter of XY such that: 

(FCF) w(x 1) = W(x), VxE Xx, 


Definition 2.17" A fuzzy set A in pseudo-BCI algebra 
X 1s called fuzzy anti-grouped filter of X 1f it satisfies: 

(1) VxexX, fa)St(1); 

(2) Vx, y, zeX, min (u(y), L(y) (Xz) } St); 

(3) Vx, y, zeX, min {ua(y), Max y)~ (XZ) f Sea). 


Proposition 2.4°" Let A be a fuzzy filter of pseudo- 
BCI algebra _X. Then A is a fuzzy anti-grouped filter of X if 
and only if it satisfies: 


VxEX, MaX)2Ma((X> 1) 1), Ma) 2a (x 1 ~» 1). 


Definition 2.18'°! A neutrosophic set A in pseudo-BCI 
algebra X is called a neutrosophic filter in _X if it satisfies: 
Vx, vEXx, 

(NSF1) TyQ)ST4(1), LY)SL,C1) and Fy(x)=F',(1); 


(NSF2) min{ Ti), Tax) $ ST), min 4), Ly) § 


<J,(y) and max {F'(x), Fu(xy)} =F 4(y); 


(NSF3) min{74(x), Ty(x~>y)}<T(y), min {L,(x), Ly(x~y)} 


<I4(y) and max {F'4(x), P’4(x~>y)}2F4(y). 


Proposition 2.5"! Let A be a neutrosophic filter in 
pseudo-BCI algebra_X, then Vx, ye Xx, 
(NSF4) xsy => Ty(x)ST 4), L4x)SL(y) and F'y(x)2=Fy(y). 


Definition 2.19'*! A neutrosophic set A in pseudo-BCI 
algebra _X is called anti-grouped neutrosophic filter in_X if it 
satisfies: Vx, y, ZEX, 

(1) Tax)sT4(1), Lu)sla(1) and Fiu)2F (1); 

(2) min{ Lay), TA XY) z))} S Taz), min lay), 
L(x y)>(xz))} -< Lz) and max{F (x), Fy((x>y) 
—(x-z))} = F(z); 

(3) mini Tay), Tay) ~z))} S Ta), min Uy(y), 
[((xmy)(x~z))} -S L4Z) and max{Fyux), Fa((x~y) 


(x~z))} = F4(z). 


Proposition 2.6"! Let 4 be a neutrosophic set in pseu- 
do-BCI algebra X. Then A is a neutrosophic filter in _X if 
and only if A satisfies: 

(1) T, 1s a fuzzy filter of X; 

(11) J, 1s a fuzzy filter of X; 

(iii) 1-Fy is a fuzzy filter of X, where (1—-F4)(x) = 
1-F',(x), VxeXx. 


Proposition 2.7'*"! Let A be a neutrosophic set in pseu- 


do-BCI algebra _X. Then 4 is an anti-grouped neutrosophic 
filter in_X if and only if A satisfies: 
(1) 7, 1s a fuzzy anti-grouped filter of X; 
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(11) J, 1s a fuzzy anti-grouped filter of X; 
(ii) 1—F', 1s a fuzzy anti-grouped filter of X, where 
(1-F'4)(x)=1-F',(x), TWxex, 


3 Neutrosophic regular filters and neutrosophic 
closed filters 


Definition 3.1 A neutrosophic set A in pseudo-BCI al- 
gebra_X is called a neutrosophic regular filter in_X if it 1s a 
neutrosophic filter in_X such that: Vx, ye Xx, 


(NSRFI) min{Ty),  Tu—>y)}STi@), — min{1,(y), 
L4(x—y) sax) and max{FuQy), Paty) s2F iQ); 
(NSRF2) min{7,y),  Ta(x~>y)}<Tu(x), min {L4(y), 


Lj(x~y)}<T,(x) and max {F4(v), Fy(x~y)} =F 4(x). 


Definition 3.2 A neutrosophic set A in pseudo-BCI al- 
gebra_X is called a neutrosophic closed filter in_X if it is a 
neutrosophic filter in_X such that: VxeX, 

(NSCF) Ty(x> D2=T 4x), L(x D2, (x), Fux 1)S F(x). 


Proposition 3.1 Let A be a neutrosophic regular filter in 
pseudo-BCI algebra_X. Then A 1s closed. 


Proof: Suppose x<X. By Definition 2.9 (2) and Proposi- 

tion 2.1 (12) we have 
x< (xO 1) 1l= 1) 1. 
From this and Proposition 2.5 we get 
TyXsT (x1) 1), osha 1)> 1), 
P4(x)2F 4((x1)> 1). 

Moreover, by Definition 2.18 (NSF1) and Definition 3.1 
(NSRF1) 

T(x 1)> 1=min {7,(1), Ty((x 1) 1) } ST ya 1), 
I(x 1) 1)=min{Z,1), L(x 1) 1) } SL 1), 
F4((x 1) 1)=max {F'4(1), F(x 1) 1) } SF yx 1). 

hus, 
T4(x)ST4((x 1) 1) ST yx 1), 
LO)sL(x> > Dshia)), 
F4(Qx)=T (x1) 1)2T (x1). 
By Definition 3.2 we know that A 1s closed. 


By Proposition 2.4 and Proposition 2.7 we can get the 
following proposition. 


Proposition 3.2 Let A be a neutrosophic filter of pseu- 
do-BCI algebra _X. Then 4 is an anti-grouped neutrosophic 
filter of X if and only if it satisfies: VxeX, 


T(x)2T A(x 1) 1), Ta) 2 T(x 1) 1): 
L(x)2L (x1) 1), Lo) 2L(x~> 1)~> 1); 
Fy(x)<F (x1) 1), FuQ<F (x 1) 1). 


Proposition 3.3 Let A be a neutrosophic regular filter in 
pseudo-BCI algebra _X. Then A 1s anti-grouped. 


Proof: Suppose xc X. By Definition 2.9 and Proposition 
2.1 we have 
x>((x 1) 1)= x(x 1) ~> D1. 
From this we get 
Ty(x>(A> 1) 1))F LA), L(A 1) 1))=L.), 
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P4(x>((x 1) 1) FC). 
Thus, applying Definition 3.1 (NSRF1) we get 
T4(x)2min {74((x> 1) 1), Ty(x>((x 1) 1))} 
=min{74((x>1)> 1), Ty) }=T (x 1) 1), 
[4(x)2min {14((x> 1) 1), LY“ (x 1) 1))} 
=min{1,((x> 1) 1), A) }=Ly(x 1) 1), 
F'4(x)smax {F'4((x 1) 1), Fux (x 1) 1))} 
=max {F'4((x> 1) 1), Fu.) =F (x 1) 1). 
Similarly, we can prove that 
Ty(x)2T (x 1) 1D) L)2L((a~r 1) 1), 


Pig(x)SFi((x~ 1)~ 1). 
By Proposition 3.2 we know that A is anti-grouped. 


Proposition 3.2 Assume that 4 is both an anti-grouped 
neutrosophic filter and a neutrosophic closed filter in pseu- 
do-BCI algebra_X. Then A satisfies: VxeXx, 


T4(x)=T4(x 1), LY)=L)(x 1), F4(x)=F g(x 1). 


Proof: For any x<X, by Definition 3.2 we have 
T(x 1)2=T (x), L(x 1)2L (x), F'y(x 1)S F(x). 
Moreover, VxeX, by Definition 2.19 and Definition 3.2, 
7 4(x)2min {74((x>1)>(x->x)), T4(1)} 
=min{74((x1)> 1), T,1)} 
=T (x9 1)9 D=Tya- 1), 
[,(x)2min {14((x> 1) (x x)), L11)} 
=min {1,((x> 1) 1), L,1)} 
=1,((x 1) 1)2h,a- 1), 
F4(x)smax { F'y((x 1) (x x)), Fg) } 
=max {F'4((x> 1) 1), F4(1)} 
=F'4((x>1)>1)S F(x 1). 
That is, 
T4(x)2=T (x1), L(x2zh (x1), F'4(x)SF'4(x- 1). 
Therefore, 
VxeEXx, T,(x)=T (x1), Ly{x)=Lax 1), Fu(x)=F' (x 1). 


Theorem 3.1 Let 4 be a neutrosophic filter in pseudo- 
BCI algebra X. Then the following conditions are equiva- 
lent: 

(1) A is both an anti-grouped neutrosophic filter and a 
neutrosophic closed filter in_X; 

(11) A satisfies: VxeX, 


T4(x)=T4(x 1), LY)=L)(x 1), Fu()=F g(x 1). 
(111) A is a neutrosophic regular filter in_X. 


Proof: (1) => (11) See Proposition 3.2. 
(111) > (1) See Proposition 3.1 and Proposition 3.3. 
(11) > (in) Suppose that A satisfies: VxeX, 
T4(x)=T4(x 1), LYx)=L,a 1), Fu)=F (x1). 
For any x, y€X, using Proposition 2.1 (6) we have 
yol<ay)- G1). 
From this, applying Propostion 2.5, 
T4(v1)ST (xy) (x 1)), 
Ly |)sl(a>y)> > 1), 
Py(y l2F (xy) (x 1)). 
From these, by Definition 2.18 we get 
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min{7T4(v— 1), T4(xy)} 
<min{T4((x>y)> (x 1), Tax) =Tux 1), 
min {ly 1), L(x y)} 
< min {14((x>y)9 (x 1)), ay) }=L. a 1), 
max{F4(y 1), Fulx—y)} 
2max {F'4((x>y) (x 1)), Fax y) }=Fa(x 1). 
Moreover, by condition (11), 
Ty l=T4Q), Tax 1)=T x); 
LV D=LYy), L(x DHL); 
Fug D=FuQ), Fae 1)=F ae). 
Therefore, 
min{ L(y), Ta(x>y)} ST), 
min {L4(y), Lay) }S Lx), 
max {F4(y), Fu(xy)}2F 4). 


Similarly, we can get 
min{Tu(v), Tax~y) $ ST), 
min {L4(y), La(x~y) $$ Li), 
max {F'y(y), Fu(x~>y)} 2P'a(). 


By Definition 3.1 we know that A is a neutrosophic regular 
filter in_X. 


4 Fuzzy regular filters and neutrosophic filters 


Definition 4.1 A fuzzy filter A in pseudo-BCI algebra X 
is called to be regular if it satisfies: 

(FRF1) Vx, yeX, min {w4(y), Maley) Sea); 

(FRF2) Vx, yeX, min {uA(y), May) } Sta). 


Lemma 4.1": **! Let X be a pseudo-BCI algebra. Then a 
fuzzy set uw: X—[0, 1] is a fuzzy filter of X 1f and only if the 
level set 4, ={ xeEX | 4(x)=t} 1s filter of X for all telm(u). 


Theorem 4.1 Let X be a pseudo-BCI algebra. Then a 
fuzzy set u: X—[0, 1] is a fuzzy regular filter of X if and 
only if the level set 4, ={ xeX | s(x)=t} 1s regular filter of X 
for all telm(w). 


Proof: Assume that w is fuzzy regular filter of X. By 
Lemma 4.1, for any te/m(), we have 
My ={xEX | (x)=t} is filter of X. 
If yeu, and x>ye uw, then 


Ly )2t, UW x>y)2t. 
From this and Definition 4.1 (FRF1) we get 


Ha(x)2min {LL4(V), a(x) f2 tt 
This means that xe 4. Similarly, we can prove that 


yeu, and xye => XE Ly. 
By Definition 2.14 we know that 4, 1s regular filter of X 


Conversely, assume that the level set , ={ xe X | u(x)=t} 
is regular filter of X for all te/m(u). By Lemma 4.1 we 
know that 4 X—[0, 1] is a fuzzy filter of X. Let x, yeX, de- 
note fo=min {144(v), U4(x—y)}, then fp¢/m(12) and 

Ly )2to, Ll X>y)21o. 
This means that ye 44, and x>ye fl, . Since L, is regular 


filter of X, by Definition 2.14 we have xe 4, , that is 


Xiaohong Zhang, Yingcang Ma, Florentin Smarandache. Neutrosophic Regular Filters in Pseudo-BCI Algebras 


14 


UX)2 to=min {/4(V), a(Xy)}. 
It follows that Definition 4.1 (FRF1) holds. Similarly, we 


can prove that Vx, ye X, min {u4(y), Lg(x~y)}S4(x). There- 
fore, 42 X—>[0, 1] is a fuzzy regular filter of X. 


Similar to Theorem 4.1 we can get the following propo- 
sition (the proofs are omitted). 


Proposition 4.1 Let_X be a pseudo-BCI algebra. Then a 
fuzzy set uw: X—[0, 1] 1s a fuzzy closed filter of X if and on- 
ly if the level set 4, ={ xeX | (x)=t} 1s closed filter of X for 
all telm(1). 


By Theorem 6 1n [31] we have 


Theorem 4.2 Let uw be a fuzzy filter of pseudo-BCI al- 
gebra_X. Then the following conditions are equivalent: 

(1) 21s fuzzy closed anti-grouped filter of X; 

(ii) VxeX, W(x 1)= U4). 

(111) 2 1s a fuzzy regular filter of X. 


Theorem 4.3 Let A be a neutrosophic set in pseudo-BCI 
algebra X. Then A is a neutrosophic closed filter in_X if and 
only if A satisfies: 

(1) 7, 1s a fuzzy closed filter of X; 

(11) J, 1s a fuzzy closed filter of X; 

(111) 1—F'y 1s a fuzzy closed filter of X, where (1—F',)(x) 
=1-F (x), VxeX. 


Proof: Assume that A is a neutrosophic closed filter in 
X. By Definition 3.2 we have (VxeX) 

T(x 1)2T4(x), L(x 1)2L,(x), P(x 1)SF'4(x). 
Thus, 

(1-F4)(x 1)=1-F (x 1)21-F'4(x)=(1—-F'4)( x). 
Therefore, using Definition 2.16, we get that 7,, J, and 
1-F’, are fuzzy closed filters of X. 

Conversely, assume that 7,, J, and 1—F, are fuzzy 
closed filters of X. Then, by Definition 2.16, 
T(x 1)2T Ax), La D2L), 
(—-F'4)(x 1)2C1-F4)(). 
Thus, 

F(x 1)=1-(1-F'4)(x 1) 1-1 -F'4)(«)=F (x). 
Hence, applying Definition 3.2 we get that A is a neutro- 
sophic closed filter A in_X. 


By Theorem 4.2, Theorem 4.3, Theorem 3.1 and Propo- 
sition 2.7 we can get the following results. 


Theorem 4.4 Let A be a neutrosophic set in pseudo-BCI 
algebra X. Then A is a neutrosophic regular filter in_X if and 
only if A satisfies: 

(1) 7, 1s a fuzzy regular filter of X; 

(11) J, 1s a fuzzy regular filter of X; 

(111) 1—F'y is a fuzzy regular filter of XY, where (1—F',)(x) 
=1-F',(x), VxeX. 


Theorem 4.5 Let X be a pseudo-BCI algebra, A be a 
neutrosophic set in X such that Ty(x)2>a, L4(x)2fp and 
Fix)S%, VxeEX, where aelm(T,), fyoelmU,4) and we 
Im(F'4). Then A is a neutrosophic closed filter in_X if and on- 
ly if (a, B, p-level set A” ” is closed filter of X for all 
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aelm(T,), BelmU,) and yvelm(F4). 


Proof: Assume that 4 is neutrosophic closed filter in_X. 
By Theorem 4.3 and Proposition 4.1, for any awelm(T,), 
Belm(,) and yvelm(F'4), we have 


(La = {x EX | Tyx)2a}, L4)p = {xeX | L(x)2F} and 
(1-F'4)i-y ={x eX | I-F4)(x)2 l- vy }=(xeX | Fux)s vy} are 
closed filters of X. 


Thus (14)¢ Ad4)g NU—-F'4)1-, 18 a closed filters of X. More- 
over, by Definition 2.8, it is easy to verify that (a, f, 7)- 
level set 4°? ?=(Ty)q M14) g NA-F4)1-,. Therefore, A” ” 
is closed filter of X for all @elm(T,), Belm(Uy) and ye 
Im(F'4). 

Conversely, assume that 4°*”” is closed filter of X for 


all aelm(T,), BelmUy,) and yvelm(F4). Since 7T4(x)=aQ, 
L(x)2 fp and F'4(x)<%, VxeX, then 


(Ta ={xEX | Ty(x)2as=(Ty)a AXNX 
= (La Ua) gp O-F'a),, = Ae: 


(La) p= xeX | Lyx)2Bh=XO 14) pg AX 
= (TA) 9 Ua gO Fay = Are 


(1-F) y= freX | (I-FEI1-7)} 
= XNXN {xeX | Fy(x)<7} 
= (T4) ay a (14) Bo () {xe X | FA(x)sy} — 46% Po) 
Thus, 


(Ta =x EX | Ta(x)2a}, La) p=txeX | La(x)2 Ph} and 
(1-Fig)i-y =x EX | U-Fi\@2l- y s={xeX | FuQ)Sy } are 
closed filters of X. 


From this, applying Proposition 4.1, we know that Ty, 1, 
and 1—F', are fuzzy closed filters of X. By Theorem 4.3 we 
get that A is neutrosophic closed filter in_X. 


Similarly, we can get 


Lemma 4.2 Let X be a pseudo-BCI algebra, A be a 
neutrosophic set in X such that Ty(x)=aQ, 14(x)2=fpy and 
Fix)S%, VxeEX, where aelm(T,), fyoelmUy) and we 
Im(F'4). Then A is a (anti-grouped) neutrosophic filter in_X if 
and only if (a, £, 7)-level set A‘*”” is (anti-grouped) filter 
of X for all welm(T,), BelmU,) and velm(F’,). 


Combining Theorem 4.5, Lemma 4.2 and Theorem 3.1 
we can get the following theorem. 


Theorem 4.6 Let X be a pseudo-BCI algebra, A be a 
neutrosophic set in X such that Ty(x)=aQ, 14(x)2>fp and 
FAx)S%, VxeEX, where aelm(T,), fPyoelmU,4) and we 
Im(F'4). Then A is a neutrosophic regular filter in_X if and 
only if (a, B, )-level set A°*”” is regular filter of X for all 
aelm(T,), BelmU,) and velm(F’4). 
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Conclusion 


The neutrosophic set theory is applied to many scien- 
tific fields, and also applied to algebraic structures. 
This paper applied neutrosophic set theory to pseudo- 
BCI algebras, and some new notions of neutrosophic 
regular filter, neutrosophic closed filter and fuzzy 
regular filter in pseudo-BCI algebras are introduced. 
In addition to studying the basic properties of these new 
concepts, this paper also considered the relationships 
between them, and obtained some necessary and 
sufficient conditions. 
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Abstract. Recently, neutrosophic sets and its application 
to decision making have become a topic of significant 
im-portance for researchers and practitioners. The present 
work addresses one of the most complex aspects of the 
formative process based on competencies: evaluation. In 
this paper, a new method for competencies evaluation is 
developed in a multicriteria framework. The proposed 
framework is composed of four activities, framework, 
gathering information, ideal solution distance calculation 


1 Introduction 


In this paper, one of the most complex aspects of the form- 
ative process based on competencies is addressed: evalua- 
tion. A new method for competencies evaluation is devel- 
oped in a multicriteria framework based on decision analy- 
SIS. 

Decision analysis is a discipline, belonging to decision the- 
ory, with the goal of computing an overall assessment that 
summarizes the information gathered and providing useful 
information about each evaluated element [1]. Uncertainty 
is present in real world decision making problems in such 
cases the use of linguistic information to model and manage 
such an uncertainty has given good results [2]. Experts feel 
more comfortable providing their knowledge by using terms 
close to human cognitive model [3, 4]. 

The conventional crisp techniques have been not much ef- 
fective for solving decision problems because of imprecise 
or fuzziness nature of the linguistic assessments. It is more 
reasonable to consider the values of alternatives according 
as single valued neutrosophic sets (SVNS) [5]. SVNS can 
handle indeterminate and inconsistent information, while 
fuzzy sets and intuitionistic fuzzy sets cannot describe them 
[6]. In this paper a new model competencies evaluation 1s 
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and ranking alternatives. Student are evaluated using 
SVN, for the treatment of neutralities, and Euclidean dis- 
tance. The paper ends with conclusion and future work 
proposal for the application of neutrosophy to new areas 
of education. 


Keywords: competency, evaluation, neutrosophy, SVN numbers 


developed base on single valued neutrosophic number 
(SVN-number) allowing the use of linguistic variables [7] 
and giving methodological support based on decision anal- 
ysis schema. 

This paper is structured as follows: Section 2 reviews some 
important concepts about decision analysis framework and 
SVN numbers. In Section 3, is presented a decision analysis 
framework based on SVN numbers for competencies evalu- 
ation. Section 4 shows a case study. The paper ends 
with conclusions and further work recommendations. 


2 Decision schemes 

Decision analysis is a discipline with main purpose of help- 
ing decision maker to reach a consistent decision [8]. A 
common decision resolution scheme consists of following 
phases [2, 9]. 

Identify decision and objectives. 

Identify alternatives. 

Framework: 

Gathering information. 

Rating alternatives. 

Choosing the alternative/s: 

Sensitive analysis 

Decide 


on single valued neutrosophic numbers and decision analysis schema 
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In the framework phase, he structures and elements of the 
decision problem are defined: experts, criteria, etc. The in- 
formation provided by experts is collected, according to the 
defined framework in the gathering information phase. In 
line with our aims in this paper, a SVN numbers [10] ap- 
proach is developed due to the fact that provide adequate 
computational models to deal with linguistic information 
[11] mn decision problems allowing to include handling of 
indeterminate and inconsistent . 

A way to compute a rating of alternatives is to use an ideal 
alternative. A comparison between an ideal alternative and 
available options in order to find the optimal choice could 
be used [12]. Normally, the closer alternative to the 
ideal, corresponds to the best alternative. 


3 SVN-numbers 


Neutrosophy [13] 1s mathematical theory developed for 
dealing with indeterminacy . The truth value in neutrosophic 
set is as follows [14]: 
Let N be a set defined as: N = {(7,1,F): T,I,F & 
[O, 1]}, a neutrosophic valuation n is a mapping from the set 
of propositional formulas to N , that is for each sentence p 
we have v (p) = (T,1,F). 
To facilitate the real world applications of neutrosophic set 
and set-theoretic operators single valued neutrosophic set 
(SVNS ) [5] was developed 
A single valued neutrosophic set (SVNS) has been defined 
as follows [5]: 
Let X be a universe of discourse. A single valued neutro- 
sophic set A over X is an object having the form: 
A= {(x, uA(x), rA(x), vA(x)): x € X} (1) 
where uyg(x):X > [0,1], 74(x),:X > [0,1] and 
va(x):X > [0,1] withO <uy(x) + r4(%) + v4(x):< 3 for 
all x € X. The intervals u,(x), 74(%) y v4(x) denote the 
truth- membership degree, the indeterminacy-membership 
degree and the falsity membership degree of x to A, respec- 
tively. 
Single valued neutrosophic numbers (SVN number) is de- 
noted by A= (a,b,c), where a,b,cE[0,1] and a+b+c<3 . 
Alternatives could be rated according Euclidean distance 
in SVN [15, 16]. 
LetA* = (Aj,A; ,..,A;, ) be a vector of n SVN numbers 
such that A; “ = (aj, b;, c;) j=(1,2, ... , n) and B; = (Bi, 
Biz, ..., Bim) (= 1,2, ... , m) be m vectors ofn SVN num- 
bers such that Bij = ( Qij, bij, Ci;) (i = 1,2, bias mM), 6] = I,2, 
... , n). Then the separation measure between B,'s y A* is 


defined as follows: 
1 
ry (i 
) 


Si= exe {({ay-ay 
yee, M) 


=], 


2 x 1\2 * 
) +([b;-b; |) +(ei-¢; 











In this paper linguistic variables[11] are represented using 
single valued neutrosophic numbers [16] for developing a 
framework to decision support. 


2.2 Proposed framework 


Our aim is to develop a framework for competencies evalu- 
ation based on for decision analysis based and SVN num- 
bers. The model consists of the following phases (graph- 
ically, Fig. 3). 


i aclaatewiela.4 





Gathering 
Tahielaaatenaceda| 





Rating 


alternatives 





The proposed framework is composed of three activities, 
framework, gathering information and rating alternatives. 


Framework 


In this phase, the evaluation framework, the decision prob- 
lem structure is defined. The framework is established as 
follows: 

C= {C1,C2,...,C, with | > 2 , aset competencies. 

E= {€1,€2,...,e€, } with k => 2 A set of students. 


Gathering information 


In this phase, the assessments is provided by means of as- 
sessment vectors: 

U =(y,,t=1,..,L j=1,..,k) (3) 
The assessment v,;, for each criterion c; of each student e,, 
is expressed by means of SVN numbers. 


Rating alternatives 


For rating alternatives an ideal option is constructed [16, 

17] .the evaluation criteria can be categorized into two cat- 

egories, benefit and cost. Let C* be a collection of benefit 

criteria and C~ be a collection of cost criteria. The ideal al- 

ternative is defined as: 

I = j(maxj4Ty |i EC*, minj1Ty, lj eC) (mink 1y lj 
EC*, maxje4ly,|j EC~ (mink, Fy, li 
ECT, maxji,Fy,|j €C I 
=i eee | 


(4) 
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Alternatives are rating according Euclidean distance to I (2). 
Ranking is based in the global distance to the ideal. If alter- 
native x; 1s closer to J the distance measure (s; closer) better 
is the alternative [18]. 


3 Case study 


A demonstrative example is given below. In the stage of es- 
tablishing the evaluation framework, the domain in which 
the information will be verbalized is selected. 

The following linguistic terms are used (Table 1). 


Table 1. Linguistic terms used to provide the assessments [16]. 
Three core competencies are evaluated in three students. 





c,: Analyze, identify and define the requirements that must 
be met by a computer system to solve problems or achieve 
objectives of organizations and individuals. 

C2: Manage Databases through a Database Management 
System (DBMS). 

C3: Plan and manage software development projects. 

Once the prioritization framework is established, the infor- 
mation is obtained. 





Table 2: Preferences given by experts 

From this information, the ideal alternative is calculated. 
The ideal alternative results: 

E* =(MMB, MMB, MB) 

The results of the calculation of the distances allow us to 
order the students according to the achievement of the com- 
petences. In this case the priority order is the following: 
€, > €1 > ey 


_ 


e] 
035355339 
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e2 
|_| as0160798 


C3 
0.18484228 


Table 3: Distance calculation 
Among the advantages found by the specialists are the rela- 
tive ease of the technique. The results also show the applica- 
bility of SVN-based decision support models to competency 
assessment. 


Conclusions 


In this paper, a competency assessment model was pre- 
sented. The students were evaluated by means of the SVN 
numbers and the Euclidean distance for the treatment of 
neutrality. 

Further works will concentrate extending the model for 
dealing with heterogeneous information [19] and a multi- 
expert setting . Another area of future work is the develop- 
ing of new aggregation operators based on SVN numbers 
specially compensatory operators [20]. 
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Abstract. The paper proposes a new technique for deal- 
ing with multi-attribute decision making problems 
through an extended TOPSIS method under neutrosophic 
cubic environment. Neutrosophic cubic set is the general- 
ized form of cubic set and is the hybridization of a neu- 
trosophic set with an interval neutrosophic set. In this 
study, we have defined some operation rules for neutro- 
sophic cubic sets and proposed the Euclidean distance 
between neutrosophic cubic sets. In the decision making 
situation, the rating of alternatives with respect to some 


predefined attributes are presented in terms of neutro- 
sophic cubic information where weights of the attributes 
are completely unknown. In the selection process, neu- 
trosophic cubic positive and negative ideal solutions have 
been defined. An extended TOPSIS method is then pro- 
posed for ranking the alternatives and finally choosing 
the best one. Lastly, an illustrative example is solved to 
demonstrate the decision making procedure and effec- 
tiveness of the developed approach. 


Keywords: TOPSIS; neutrosophic sets; interval neutrosophic set; neutrosophic cubic sets; multi-attribute decision making. 


1 Introduction 


Smarandache [1] proposed neutrosophic set (NS) that 
assumes values from real standard or non-standard subsets 
of] 0, 1°[. Wang et al. [2] defined single valued 
neutrosophic set (SVNS) that assumes values from the unit 
interval [0, 1]. Wang et al. [3] also extended the concept of 
NS to interval neutrosophic set (INS) and presented the 
set-theoretic operators and different properties of INSs. 
Multi-attribute decision making (MADM) problems with 
neutrosophic information caught much attention in recent 
years due to the fact that the incomplete, indeterminate and 
inconsistent information about alternatives with regard to 
predefined attributes are easily described under 
neutrosophic setting. In interval neutrosophic environment, 
Chi and Liu [4] at first established an extended technique 
for order preference by similarity to ideal solution 
(TOPSIS) method [5] for solving MADM problems with 
interval neutrosophic information to get the most 
preferable alternative. Sahin, and Yigider [6] discussed 
TOPSIS method for multi-criteria decision making 
(MCDM) problems with single neutrosophic values for 
supplier selection problem. Zhang and Wu [7] developed 
an extended TOPSIS for single valued neutrosophic 
MCDM problems where the incomplete weights are 
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obtained by maximizing deviation method. Ye [8] 
proposed an extended TOPSIS method for solving MADM 
problems under interval neutrosophic uncertain linguistic 
variables. Biswas et al. [9] studied TOPSIS method for 
solving multi-attribute group decision making problems 
with single-valued neutrosophic information where 
weighted averaging operator is employed to aggregate the 
individual decision maker’s opinion into group opinion. 

In 2016, Ali et al. [10] proposed the notion of neutrosophic 
cubic set (NCS) by extending the concept of cubic set to 
neutrosophic cubic set. Ali et al. [10] also defined internal 
neutrosophic cubic set (INCS) and external neutrosophic 


cubic set (ENCS), 14 -INCS ( 24 -ENCS), 24 -INCS 


(Y% -ENCS) and also proposed some relevant properties. 


In the same study, Ali et al. [10] proposed Hamming 
distance between two NCSs and developed a decision 
making technique via similarity measures of two NCSs in 
pattern recognition problems. Jun et al. [11] studied the 
notions of truth-internal (indeterminacy-internal, falsity- 
internal) neutrosophic cubic sets and_ truth-external 
(indeterminacy-external, falsity-external) neutrosophic 
cubic and investigated related properties. Pramanik et al. 
[12] defined similarity measure for neutrosophic cubic sets 
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and proved its basic properties. In the same _ study, 
Pramanik et al. [12] developed multi criteria group deci- 
sion making method with linguistic variables in neutrosophic 
cubic set environment. 


In this paper, we develop a new approach for MADM 
problems with neutrosophic cubic assessments by using 
TOPSIS method where weights of the attributes are un- 
known to the decision maker (DM). We define a few oper- 
ations on NCSs and propose the Euclidean distance be- 
tween two NCSs. We define accumulated arithmetic opera- 
tor (AAO) to convert neutrosophic cubic values (NCVs) to 
single neutrosophic values (SNVs). We also define neutro- 
sophic cubic positive ideal solution (NCPIS) and neutro- 
sophic cubic negative ideal solution (NCNIS) in this study. 
The rest of the paper is organized in the following way. 
Section 2 recalls some basic definitions which are useful 
for the construction of the paper. Subsection 2.1 provides 
several operational rules of NCSs. Section 3 is devoted to 
present an extended TOPSIS method for MADM problems 
in neutrosophic cubic set environment. In Section 4, we 
solve an illustrative example to demonstrate the applicabil- 
ity and effectiveness of the proposed approach. Finally, the 
last Section presents concluding remarks and future scope 
research. 


2 The basic definitions 


Definition: 1 
Fuzzy sets [13]: Consider U be a universe. A fuzzy set 
@ over U is defined as follows: 


P ={(x, g(x) | xe U} 
where uw,(x): U — [0, 1] is termed as the membership 
function of ® and w(x) represents the degree of mem- 


bership to which xe @. 


Definition: 2 
Interval valued fuzzy sets [14]: An interval-valued fuzzy 
set (IVFS) @ over U is represented as follows: 


O ={(x, @(x),0*(x)) | xe U} 


where © (x),O° (x) denote the lower and upper degrees 
of membership of the element xe U to the set O with 
0< O(x)+ O'(x)S1. 


Definition: 3 
Cubic sets [15]: A cubic set Y in a non-empty set U is a 
structure defined as follows: 


Y = {(x,O(x), P(x) ) | xe U} 


where @ and @ respectively represent an interval valued 
fuzzy set and a fuzzy set. A cubic set Y is denoted by ¥ = 
<O,@P>. 


Definition: 4 
Internal cubic sets [15]: A cubic set ¥=<0,@>in U is 
said to be internal cubic set ICS) if 


O (x) < u(x) < O' (x) for all xe U. 


Definition: 5 
External cubic sets [15]: A cubic set ¥=<@0,@>in Uis 
called external cubic set (ECS) if u(x) ¢ (O' (x), O° (x)) 
for all xe U. 


Definition: 6 
Consider ¥, = <0O,,®,> and ¥,=<0O,,@,> be two cubic 
sets in U, then we have the following relations [15]. 

1. (Equality) ¥, = Y, if and only if O, = O, 


and [= [Ly. 

2. (P-order) Yi cp YP, if and _ only 
ifO, Cc O,and uw, < Wh. 

3. (R-order) Yc, YW, if and only 


ifO, Cc O,and uw, 2 MW. 


Definition: 7 
Neutrosophic set [1]: Consider U be a space of objects, 
then a neutrosophic set (NS) y on U is defined as follows: 

1 = {x, (a(x), B(x), y(x) ) | xeU} 
where a(x), B(x), (x) :U— J0, 1°[ define respectively the 
degrees of truth-membership, indeterminacy-membership, 
and falsity-membership of an element xeU to the 
set ¥ with O< sup a(x)+ sup f(x)+ sup (x) <3". 


Definition: 8 
Interval neutrosophic sets [9]: An INS /° in the 
universal space U is defined as follows: 


FS eG li, OL Gt Gl) 
xe U} 
where, I’, (x), 1°,(x), Z,(x) are the truth-membership 


function, indeterminacy-membership function, and falsity- 
membership function, respectively with J) (x), I p(X), 


I’,(x) & [0, 1] for each point xe U and O<sup J’, (x) + 
sup /’,(x) + sup I’, (x) $3. 
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Definition: 9 
Neutrosophic cubic sets [15] 
A neutrosophic cubic set (NCS) = in a universe U is 
presented in the following form: 

i (x, I(x), x(x) ) |xe U} 
where /' and y are respectively an interval neutrosophic set 
and a neutrosophic set in U. 
However, NSs take the values from] 0, 1°[ and single- 
valued neutrosophic set defined by Wang et al. [2] is 
appropriate for dealing with real world problems. 
Therefore, the definition of NCS should be modified in 
order to solve practical decision making purposes. Hence, 


le | 


a neutrosophic cubic set (NCS) 4 in U is defined as 
follows: 


B= {(x,P(x),x)) | xe U} 
Here, J’ and y are respectively an INS and a SVNS in U 
where 0 < a(x) + B(x) + p(x) <3 for each point xe U. 
Generally, a NCS is denoted by = </’, y> and sets of 
all NCS over U will be represented by NCS". 


Example 1. Assume that U = {u, uo, v3, u4} be a universal 
set. An INS A in U 1s defined as 

T= {< [0.15, 0.3], [0.25, 0.4], [0.6, 0.75] >/ u,; + < [0.25, 
0.35], [0.35, 0.45], [0.4, 0.65] >/ uo + < [0.35, 0.5], [0.25, 
0.35], [0.55, 0.85] >/ uz + < [0.7, 0.8], [0.15, 0.45], [0.2, 
0.3] >/ ug} 

anda SVNS y in U defined by 


y= {< 0.35, 0.3, 0.15 >/ uy, < 0.5, 0.1, 0.4 >/ U2, < 0.25, 


0.03, 0.35 >/ u3, < 0.85, 0.1, 0.15 >/ ug} 
Then ==<A, y > 1s represented as a NCS in U. 


Definition: 10 
Internal neutrosophic cubic set [10]: Consider 5 =<T', 


yo oS e NCS. if FO) = eG) < TG) 4 
FS 0G) =F Gs and. Gy a 9G) =F Gyo 


all xe U, then £ is said to be an internal neutrosophic 
cubic set (INCS). 


Example 2. Consider >=<J/', y>e NCS”, if rOj==< 
[0.65, 0.8], (0.1, 0.25], [0.2, 0.4] > and y(x)= < 0.7, 0.2, 
0.3 > for all xe U, then S=</', y>is anINCS. 


Definition: 11 
External neutrosophic cubic set [10]: Consider 2 =<T', 


y > € NCS”, if a) ¢ ( I~) , Ii ); 
B(x) (Pp (x) Pp (@))3 and y(x) € (L(x) Fy (a) for 
all xe U, then 5 = <I’, y> is said to be an external 
neutrosophic cubic set (ENCS). 
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Example 3. Consider >=<J/', y>e NCS”, if (ae 2 je 
[0.65, 0.8], [0.1, 0.25], [0.2, 0.4] > and y(x)= < 0.85, 0.3, 
0.1 >for allxe U, then Z=</', y>1is an ENCS. 


Theorem 1. [10] 
Consider F=<I", y>e NCS”, which is not an ENCS, 


then there exists xe U such that 


TO) SGC) iS 1) el) PO) STs as, 08 
Ty SO) S15 (x). 


Definition: 12 


2 -INCS( 1! -ENCS) [10]: Consider =<I, y>e NCSY, 
3 3 


if P(x) < a(x) < P(x) g(x) < B(x) < F(x); 
and p(x) €(I)(x) , Ly (x)) or I(x) § a(x) < Ty (x); 
I(x) < p(x) < Pi (x) and B(x) € (T(x), P72) or 
3 (x) < BO) < F(x); and T(x) < p(x) < F(X) 
and a(x) ¢ (I, (x),/; (x)) for all xe U, then F=<T, 


y > is said to be an 2 -INCS or 1 -ENCS. 
3 3 


Example 4. Consider ==<T/', y>e NCS”, if I'(x)=< 
[0. 5, 0.7], [0.1, 0.2], [0.2, 0.45] > and y(x)= < 0.65, 0.3, 


0.4 > for all xe U, then S=</", y>is an 2 INCS or! - 
3 3 


ENCS. 


Definition: 13 


l INcS (2 -ENCS) [10]: Consider = <I, y> € 
3 3 


NCS", if F(x) < ax) < 2 (x); B(x) ¢ (Py (x), 73 (x); 
and y(x) ¢ (I(x), 1, (x)) or Py (x) < yx) < F(x); 
a(x) €( I(x), 7 (x)) and f(x) é(13(x),13(x)) or 
T(x) < BOX) < T5(%); a(x) ¢ (L(x), F(x) ) and 
y(x) ¢ (I (x) , Fy (x)) for all xe U, then S=<I", y> is 
said to be an = INCS or -ENCS. 


Example 5. Consider 7 = <I", y> € NCS", if (x) =< 
[O. 5, 0.8], [0.15, 0.25], [0.2, 0.35 ] > and y(x)= < 0.55, 


0.4, 0.5 > for all xe U, then Z= <I’, y> is an !-INCS 
3 
or2 -ENCS. 
3 
Definition: 14 [10] 


Consider 4, = <J/,, y,> and £&,= <I, x, > be two 
NCSs in U, then 
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1. (Equality) 4, = &, if and only if 7, = 7, 
and 7,=Y7,.- 

2. (P-order) 2, c, 4, if and only if 7, c I, 
and ¥, © X>- 

3. (R-order) F,Ce &, i and only 


iff’, cr,andy, D x,. 


For convenience, p = < ([ I, ae ea aa [Lz fy a )), 
(a,6,y) > 1s said to represent neutrosophic cubic value 


(NCV) 


Definition: 15 
Complement [10]: Consider 5 = <J/’, y> be an NCS, 


then the complement of = =<J', y> 1s given by 

gee ie (x), 7° (x) ) lxe U}. 
2.1 Several operational rules of NCVs 
Consider p, = <(F,.77,1,05%,.631,15,.2, D, 
(a,,8.%) > and p= < (Fy, 751 055.7) 1 
Ly a a ]), (a,, 85,7.) > be two NCVs in U, then the 


operational rules are presented as follows: 
1. The complement [10] of p; is py =< i ae oe ], [1- 


ee ee aaa ere ae }). (,; l- B,,a,) >. 
2. The summation between p, and p> is defined as 
follows: 
TACs ee Wi Wem eee A 
Pa Valls, Pe, U5, Ps, | 
ees Ly ee i: }), (a, +a, - a, a, 2, Bos Y) 
>. 
3. The multiplication between p, and p> is defined as 
follows: 
Pi Ope <i Let Ja Eg 5. 
I's L's, i I; + ly, 7 I; 5, |, [ ae + I, - 
E eS a rh dee Le Ds (a, a,,6,+ f.- 
Py Past 22-1 V2) >- 


23 


4. Consider pp= <((I,.03),(0,.051,15, 07D, 
(a,,f,,),) > be a NCV andx be an arbitrary positive 


real number, then # p,and p, are defined as follows: 


GO. Be 2 a Py ds 
Cl ey ICE ye ed 
aCe oy 


Gi: pS Fo, eee i 
Pry, te ery ae ee 
(ayaepy12d) > 


Definition: 16 [10] 

Consider 2,)= <J,, y,> and &,= <I, x, > be two 
NCSs in U, then the Hamming distance between 4, and 
&,1s defined as follows: 

ln ; 

Dy (4,,4,) = ree (IL, 0) - 15,4) | + LO) - 
Tole) ae ld ed (ale 1a, ad 5 
I Pp (%) - P35 (m1 + LY, OG) - F5, ) | + La, ,) - a, | 


+ 1B, (4%) - By) 1+ ly) - 2.0%) D). 


Example 7: Suppose that 5,=<J,, 7,> =< ({0.6, 0.75], 
[0.15, 0.25], [0.25, 0.45]), (0.8, 0.35, 0.15) > and 2, = 
<I,, ¥,> = < (0.45, 0.7], [0.1, 0.2], [0.05, 0.2]), (0.3, 
0.15, 0.45) > be two NCSs in U, then Dy (4,,2,) = 
0.1944. 


Definition: 17 

Consider ©, = <J/,, y,> and 5,=<I/',, x, > be two 
NCSs in U, then the Euclidean distance between &, and 
=, 1s defined as given below. 


Deg (4,,4,) = 





i.) 7 TF) at Ci) ~ Te): a (17 ,(%)) 7 eens a 

lo 2 7 ‘ 2 + + 2 
Oniz (Pipa) F5g(%)) + (17,(%) - 23,4) + (17,04) - L77,(%)) + 
(a, (%;) = Gy) + (,(%;) . p, (x,))° + (y; (x; ) = yy (x,))” 





with the condition0 < Dg(2,,2,) <1. 


Example 8: Suppose that 2,=<I,, 7,> = < ((0.4, 0.5], 
[0.1, 0.2], [0.25, 0.5]), (0.4, 0.3, 0.25) > and F,= <T,, 
Xo > = < ([0.5, 0.9], [0.15, 0.3], [0.05, 0.1]), (0.7, 0.1, 
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0.15) > be two NCSs in U, then Dg (.3,, Z,) = 0.2409. 


3 An extended TOPSIS method for MADM prob- 
lems under neutrosophic cubic set environment 


In this Section, we introduce a new extended TOPSIS 
method to handle MADM problems involving 
neutrosophic cubic information. Consider B = {B,, Bo, ..., 
B,,}, (m= 2) be a discrete set of m feasible alternatives and 
C= {Cj, C, ..., Cy}, (n= 2) be a set of attributes. Also, let 
W = (W1, Wo, ...; W,). be the unknown weight vector of the 


attributes with 0 <w; <1 such that Wy, = |. Suppose that 
a 


the rating of alternative B; (1 = 1, 2, ..., m) with respect to 
the attribute C; § = 1, 2, ..., m)is described by aj where aj 


=< (0, 0%, 1 (05, -05,1 0,0; D, (a By. 7%) > 


The proposed approach for ranking the alternatives under 
neutrosophic cubic environment is shown using the 
following steps: 


Step 1. Construction and standardization of decision 
matrix with neutrosophic cubic information 


Consider the rating of alternative B; (@ = 1, 2, ..., m) with 
respect to the predefined attribute C;, G = 1, 2, ..., m) be 
presented by the decision maker in the neutrosophic cubic 
decision matrix ( See eqn. 1). 


Git. WAie.. ceeds He 
a>, Ay eee ay, 
d.: ) = 1 
( y mxn ( ) 
Gs Wie 2& Ge, 


In general, there are two types of attributes appear in the 
decision making circumstances namely (1) benefit type 
attributes ¢€J;, where the more attribute value denotes 
better alternative (11) cost type attributes €J>, where the 
less attribute value denotes better alternative. We 


standardize the above decision matrix (a; ) in order to 
n 


mx 
remove the influence of diverse physical dimensions to 
decision results. 


Consider (,; be the standardize decision matrix, 
mxn 


where 


S.. 


renin 0 ee oe eee a aire oom) 


(a. By Vi )> 
where 

5;;= ajj, 1f the attribute j is benefit type; 
Cc 


ij if the attribute j 1s cost type. 


§,;=a 
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Here a; denotes the complement of aj. 


Step 2. Identify the weights of the attributes 

To determine the unknown weight of attribute in the 
decision making situation is a difficult task for DM. 
Generally, weights of the attributes are dissimilar and they 
play a decisive role in finding the ranking order of the 
alternatives. Pramanik and Mondal [16] defined arithmetic 
averaging operator (AAO) in order to transform interval 
neutrosophic numbers to SVNNs. Based on the concept of 
Pramanik and Mondal [16], we define AAO to transform 
NCVs to SNVs as follows: 


NOy< LL pg Ly, >= 


NC, es > + Gi In + ry ap: Fn + ue ye 
3 3 3 

In this paper, we utilize information entropy method to 
find the weights of the attributes w; where weihgts of the 
attributes are unequal and fully unknown to the DM. 
Majumdar and Samanta [17] investigated some similarity 
measures and entropy measures for SVNSs where entropy 
is used to measure uncertain information. Here, we take the 
following notations: 


a a: ae +a, i. i eee i B, 
f= — - he) =| - 


3 


Fo, (xi) = | 
Then we can write 2, = ce (X;),o (%). Fo, )) : 
The entropy value is given as follows: 


1 m 
E\(Qp)=1- — Eo, (41) + Fo, Mo, %)- 18, @D 





which has the following properties: 
(i). E;(Q,) = 0 if Q, is a crisp set and I, (x,) = 0, 
Fo, (x,) =0V x€E. 
(ii). F;(Qy) = 0 f(T, @%).Lo, @). Fo, %)) =<To, (4), 
0.5, Fo (4) > Vxe E. 
Gi). E, (Q, ) 2 E, ( Q, ) if Q, is more uncertain 
than Q, i.e. 

To (%) + Fo (%) Ss 


To, (%) + Fo) 


and |g (x;)—Io, (%;)} < 








Ee Rep 


(iv). £;}(Q,)=E,(25),V xe E. 
Consequently, the entropy value Ev, of the j-th attribute 
can be calculated as as follows:. 
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1 im ; 
Eyj=1- — 20, (4) + Fy (q My @)- 16), 1= 12, «5 
n i=! 


m; = 1, 2,..., n. 
We observe that 0< Ev;< 1. Based on Hwang and Yoon 
[18] and Wang and Zhang [19] the entropy weight of the 
j-th attribute is defined as follows: 

l=Ey,, ; 
——— withO< w, <1 and 2W i= 1. 


Ma 
¥(1-Ev.) 
j-l 


Step 3. Formulation of weighted decision matrix 
The weighted decision matrix is obtained by multiplying 
weights of the attributes (w;) and the standardized decision 


matrix (s,;) . Therefore, the weighted neutrosophic cubic 


decision matrix (Z, ) is obtained as: 
mxn 


WiSi,  WoStn ee WS, 
W,S w,Ss A At wWw_s 
( ) =w, ® (a; ) 2 POF 2522 n> 2n 
Y mxn J y mxn 
WS in WS n2 Was 
Zi X42 Lin 
La <a - Lon 
hon aid eal vine 
where 


aa< ly, oe ], pees ], [I ay }), (4; Bite 
=<((1-(1-Fy)"1--P)"), 
a Ne oe ee) 


BY > 


Step 4. Selection of neutrosophic cubic positive ideal 
solution (NCPIS) and neutrosophic cubic negative ideal 
solution (NCNIS) 


: U U U U L L L L 
Consider 7° =(z; ,Z,,.--5 Z, ) and 7° =( 2, ,Zy,.-+-5 Z,) 


be the NCPIS and NCNIS respectively, then z; 


j is defined 


as follows: 
2 eC) a) ee) ee 
CG DG) 2.0) 


where 
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(1, )' = {Cmax {1% }l jes), (min { 7%, jl je). 


Cpe 


(max { 7%, }l jedi), (min { 7%, Hl jeJ2)}, 
(Fp, = {Cmin { 7, Hl jes), (max { 7%, jl jes2)}, 
(1, ={Cmin (7%, Hl jet), (max {1% jl jeJ2)}, 
(1; y= {(min {7 }l jed), (max (7%, }I jes2)}. 
(PY =(Cmin (7 Jl jeA), (max ( F, }I jeJ2)}. 
(4) = {(max { @; }l je), (min { G; }l jeJs)}, 

(B;)" = {(min { ; } jedi), (max { f; }I jeJ2)}, 

(Hj) = (Cmin { 7; }lieJv, (max { jj; }l jeJ2)}: 

and Z; is defined as given below 

CSIC CE le Ge oh 
Cee ah (COme eee py, 

where (I, ) = {( min { ry jes), (max { me 
jes}, (PUY = {Cmin {Fy Hl jes), (max (77, } 
jeJ)}, (15, Y= {Cmax | P,, wie), (min (1), 3 
jeJ2)}, (1p, Y ={Cmax (7%, jl jedi), (min { Fy} 
jes}, (1, = (Cmax (1, Hl fev), (min (77, } 
jes}, (PY =(Cmax (Hl jes), (min (7 } 
jes}, (4) = {Cin { 4 }l je), (max { 4 }I je2)}, 
(By = (Cmax { fj} jes), (min { By} jeJ2)}, Gi)" = 
((max { 7, }ljeJi), (min { 7; }! je/2)}. 

Step 5. Calculate the distance measure of alternatives 
from NCPIS and NCNIS 


The Euclidean distance measure of each alternative B;, 1 = 
1, 2, ..., m from NCPIS can be defined as follows: 


oF — 
D; = 





G76) 2 eG, a a) 
SS rer Pwr ey Peer 4 2 
(G,-(a;)” yy +(B,-(B,)" )° +(,-G;))° 
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Similarly, the Euclidean distance measure of each 


alternative B,,i=1,2,....mfromNCNIS canbe writenas| | = Cc |  &@& | 


follows: 





Ft) ) te) te; 5) 
Bey et) es AES yy 
(Gij-(Gj)°)? + (BiB) + Gj-Gj)° 


Step 6. Evaluate the relative closeness co-efficient to the 
neutrosophic cubic ideal solution 


The relative closeness co-efficient RCC, of each B;, 1 = 1, 
2, .... m with respect to NCPIS rae ,j=l, 2, ..., n 1s 


defined as follows: 
p- 
RCC e 


eo hae 
D;, + Dz 


Mm. 


Step 7. Rank the alternatives 

We obtain the ranking order of the alternatives based on 
the RCC, . The bigger value of RCC; reflects the better 
alternative. 


4. Numerical example 


In this section, we consider an example of neutrosophic 
cubic MADM, adapted from Mondal and Pramanik [20] to 
demonstrate the applicability and the effectiveness of the 
proposed extended TOPSIS method. 

Consider a legal guardian desires to select an appropriate 
school for his/ her child for basic education [20]. Suppose 
there are three possible alternatives for his/ her child: 

(1) B,, a Christian missionary school 

(2) By, a Basic English medium school 

(3) B3, a Bengali medium kindergarten. 

He/ She must take a decision based on the following four 
attributes: 

(1) C; is the distance and transport, 

(2) C> is the cost, 

(3) C3 is the staff and curriculum, and 

(4) Cy 1s the administrative and other facilities 

Here C; and C) are cost type attributes; while C3 and C4 are 
benefit type attributes. Suppose the weights of the four 
attributes are unknown. Using the the following steps, we 
solve the problem. 


Step 1. The rating of the alternative B;, 1 = 1, 2, 3 with 
respect to the alternative C;, j = 1, 2, 3, 41s represented by 
neutrosophic cubic assessments. The decision matrix 


(a; ) is shown in Table 1. 
3x4 
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Table 1. Neutrosophic cubic decision matrix 





< ({0.3,0.4],[0.1,0.2],[0.2,0.35]), 
(0.3, 0.4, 0.25) > 

< ({0.8,0.9],[0.1,0.2],[0.15,0.3]), 
(0.7,0.15,0.3) > 

< ({0.6,0.7],[0.2,0.4],[0.25,0.4]), 
(0.5,0.3,0.3) > 


< ({0.6,0.7],[0.05, 0. 1],[0.2,0.3]), 
(0.5,0.1,0.25) > 

< ({0.3,0.5],[0.1,0.4],[0.3, 0.5]), 
(0.4,0.3,0.2) > 

< ({0.2, 0.35], [0.1, 0.25], [0.2, 0.3])}, 
(0.3,0.3,0.4) > 


< ({0.4, 0.6], [0.1,0.25],[0.1,0.3]), 
(0.5, 0.2,0.4) > 

, <({0.2,0.3],[0.2, 0.35], [0.1,0.25]) 
(0.4, 0.1,0.1) > 


(0.3, 0.1,0.2) > 


Step 2. Standardize the decision matrix. 


The standardized decision matrix s ), : is constructed as 
x 


follows (see Table 2): 


Table 2. The standardized neutrosophic cubic decision 
matrix 


< ({0.2,0.3],[0.9, 0.95], [0.6,0.7]), 
(0.25, 0.9, 0.5) > 
< ({0.3, 0.5],[0.6, 0.9], [0.3, 0.5]), 
(0.2,0.7,0.4) > 
< ({0.2,0.3],[0.75, 0.9], [0.2,0.35]), 
(0.4, 0.7, 0.3) > 


< ({0.15,0.3],[0.8, 0.9],[0.8,0.9]), 
(0.3, 0.85, 0.7) > 

< ((0.25, 0.4],[0.6, 0.8],[0.6,0.7]), 
(0.3,0.7,0.5) > 


< ({0.4, 0.6], [0.1,0.25],[0.1,0.3]), 
(0.5,0.2,0.4) > 

< ({0.2,0.3],[0.2, 0.35],[0.1,0.25]), 
(0.4,0.1,0.1) > 

< ({0.5,0.7],[0.1,0.2],[0.2,0.25]), 
(0.3, 0.1,0.2) > 


< ([(0.4,0.5],[0.2, 0.35],[0.05,0.2]), 
(0.35,0.1,0.1) > 

< (0.4, 0.7],[0. 1, 0.3],[0.15,0.25]), 
(0.5, 0.2,0.2) > 


Step 3. Using AAO, we transform NCVs into SNVs. We 
calculate entropy value E; of the j-th attribute as follows: 
Ev, = 0.644, Ev, = 0.655, Ev; = 0.734, Ev, = 0.663. 
The weight vector of the four attributes are obtained as: 
w, = 0.2730, wz = 0.2646, w3 = 0.2040, wy = 0.2584. 


Step 4. After identifying the weight of the attribute (w)), 
we multiply the standardized decision matrix with w,, j = 1, 


2, ..., n to obtain the weighted decision matrix ca ), , (see 


Table 3). 
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Table 3. The weighted neutrosophic cubic decision matrix 


< ([0.059, 0.110], [0.941, 0.972, [0.720, 0.779]) 
(0.075, 0.87, 0.72) > 


< ([0.057, 0.090,[0.972, 0.986], [0.874,0.91]), 
(0.073, 0.972, 0.832) > 


< ([0.09, 0.168],[0.874, 0.972],[0.727, 0.832]), 
(0.057,0.910,0.785) > 


< ({0.057, 0.090],[0.928, 0.972], [0.653,0.757]), 
(0.126,0.910,0.727) > 


< ([0.043, 0.093],[0.94 1, 0.972],[0.941,0.972]), 


(0.093, 0.957, 0.907) > 
< ({0.076,0.13],[0.87, 0.94 I],[0.87,0.907]), 
(0.093, 0.907, 0.828) > 


< ({0.132,0.17],[0.720,0.830],[0.625,0.782]), 
(0.084, 0.625, 0.625) > 


<({0.100, 0.132],[0.720, 0.807],[0.543, 0.720]), 


(0.084, 0.625, 0.625) > 


< ({0.100,0.218],[0.625, 0.782],[0.679, 0.754]), 
(0.132,0.720, 0.720) > 


< ([0.124,0.21 I], [0.552, 0.699],[0.552,0.733]), 
(0.164, 0.660, 0.789) > 


< ([0.056,0.088],[0.66, 0.762], [0.552,0.699]), 
(0.124,0.552,0.552) > 


< ([0.164, 0.267], [0.552,0.660],[0.660,0.699]), 
(0.088, 0.522, 0.660) > 


Step 5. From Table 3, the NCPIS z;, j = 1, 2, 3, 4 is 
obtained as follows: 

ve = < ({0.043, 0.093], [0.941, 0.972], [0.941, 0.972]), 
(0.075, 0.957, 0.907) >, 

zy = < ({0.057, 0.09], [0.972, 0.986], [0.874, 0.91]), (0.057, 
0.972, 0.832) >, 

a = < ({0.132, 0.218], [0.625, 0.782], [0.543, 0.72], 
(0.132, 0.625, 0.625)>, 

= < [0.164, 0.267], [0.552, 0.66], [0.552, 0.699], (0.66, 
0.552, 0.552)>; 

The NCNIS z;, j = 1, 2, 3, 4 is determined from the 
weighted decision matrix (see Table 3) as follows: 

ae < [0.076, 0.13], [0.87, 0.941], [0.72, 0.779], (0.093, 
0.87, 0.72)>, 

Z,= < [0.09, 0.168], [0.874, 0.972], [0.653, 0.757], (0.126, 
0.91, 0.727)>, 

oe < [0.1, 0.132], [0.72, 0.83], [0.679, 0.782], (0.084, 
0.782, 0.83)>, 

a= < [0.056, 0.088], [0.66, 0.762], [0.66, 0.733], (0.088, 
0.66, 0.789)>. 


Step 6. The Euclidean distance measure of each alternative 
from NCPIS is obtained as follows: 


D; = 0.1232, Dz = 0.1110, Dz = 0.1200. 
Similarly, the Euclidean distance measure of each 
alternative from NCNIS is computed as follows: 

D,, = 0.0705, D;, = 0.0954, D; = 0.0736. 
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Step 7. The relative closeness co-efficient RCC, A= 12. 
3 is obtained as follows: 
RCC, = 0.3640, RCC, = 0.4622, RCC, = 0.3802. 


Step 8. The ranking order of the feasible alternative 

according to the relative closeness co-efficient of the 

neutrosophic cubic ideal solution is presented as follows: 
B,>B3;>B, 

Therefore, B, i.e. a Basic English medium school is the 

best option for the legal guardian. 


5 Conclusions 


In the paper, we have presented a new extended TOPSIS 
method for solving MADM problems with neutrosophic 
cubic information. We have proposed several operational 
rules on neutrosophic cubic sets. We have defined 
Euclidean distance between two neutrosophic cubic sets. 
We have defined arithmetic average operator for 
neutrosophic cubic numbers. We _ have’ employed 
information entropy scheme to calculate unknown weights 
of the attributes. We have also defined neutrosophic cubic 
positive ideal solution and neutrosophic cubic negative 
ideal solution in the decision making process. Then, the 
most desirable alternative is selected based on _ the 
proposed extended TOPSIS method under neutrosophic 
cubic environment. Finally, we have solved a numerical 
example of MADM problem regarding school selection for 
a legal guardian to illustarte the proposed TOPSIS method. 
We hope that the proposed TOPSIS method will be 
effective in dealing with different MADM problems such 
as medical diagnosis, pattern recognition, weaver selection, 
supplier selection, etc in  neutrosophic cubic _ set 
environment. 
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Abstract In this paper, we define correlation coefficient 
measure between any two rough neutrosophic sets. We 
also prove some of its basic properties.. We develop a new 
multiple attribute group decision making method based on 
the proposed correlation coefficient measure. 


An illustrative example of medical diagnosis is solved to 
demonstrate the applicability and effecriveness of the 
proposed method. 


Keywords: Multi-attribute group decision making; Neutrosophic set; Rough set; Rough neutrosophic set; Correlation coefficient. 


1 Introduction 


Smarandache established the concept of neutrosophic set 
and neutrosophic logic [1] to deal uncertainty, 
inconsistency, incompleteness and indeterminacy in 1998. 
Smarandache [1] and Wang et. al. [2] studied single valued 
neutrosophic set (SVNS), a subclass of neutrosophic set to 
deal realistic problems in 2010. SVNSs have been widely 
studied and applied in different fields such as medical 
diagnosis [3], multi criteria decision making [4, 5, 6, 7, 8, 9, 
10, 11, 12, 13, 14, 15, 16, 17], image processing [18, 19, 
20], etc. 

Pawlak [21] defined rough set to study intelligence 
systems characterized by inexact, uncertain or insufficient 
information. Broumi et al. [22, 23] defined rough 
neutrosophic set by combining the rough set and single 
valued neutrosophic set to deal with problems involving 
uncertain, imprecise, incomplete and _ inconsistent 
information existing in real world problems. 

Decision making in rough neutrosophic environment is a 
new subfield of operational resesarch. In rough 
neutrosophic environment, Mondal and Pramanik [24] 
defined accumulated geometric operator to transform 
rough neutrosophic number (neutrosophic pair) to single 
valued neutrosophic number and developed a new multi- 
attribute decision-making (MADM) method based on grey 
relational analysis. Mondal and Pramanik [25] defined 
accuracy score function and proved its basic properties. In 


the same study, Mondal and Pramanik [25] presented a 


new MADM method in rough neutrosophic environment. 
Pramanik and Mondal [26] defined cotangent similarity 
measure of rough neutrosophic sets and proved its basic 
properties. In the same study, Pramanik and Mondal [26] 
presented its application to medical diagnosis. Pramanik 
and Mondal [27] proposed cosine similarity measure of 
rough neutrosophic sets and its application in medical 
diagnosis. Pramanik and Mondal [28] also proposed Dice 
and Jaccard similarity measures in rough neutrosophic 
environment and applied them for MADM. Mondal and 
Pramanik [29] studied cosine, Dice and Jaccard similarity 
measures for interval rough neutrosophic sets and 
presented MADM methods based on proposed rough 
cosine, Dice and Jaccard similarity measures in interval 
rough neutrosophic environment Mondal et al. [30] 
presented rough trigonometric Hamming _ similarity 
measures such as cosine, sine and cotangent rough 
similarity measures and proved their basic properties. In 
the same study, Mondal et al. [30] presented new MADM 
methods based on cosine, sine and cotangent rough 
similarity measures with illustrative example. Mondal et al. 
[31] proposed variational coefficient similarity measures 
under rough neutrosophic environment and proved some of 
their basic properties. In the same study, Mondal et al. [31] 
developed a new MADM method based on the proposed 
variational coefficient similarity measures and presented a 
comparison with four existing rough similarity measures 
namely, rough cosine similarity measure, rough dice 
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similarity measure, rough cotangent similarity measure and 
rough Jaccard similarity measure for different values of the 
parameter A . Mondal et al. [32] proposed rough 
neutrosophic aggregate operator and weighted rough 
neutrosophic aggregate operator to develop TOPSIS based 
MADM method in rough neutrosophic environment. 
Pramanik et al. [33] defined projection and bidirectional 
projection measures between rough neutrosophic sets. In 
the same study, Pramanik et al. [33] proposed two new 
multi criteria decision making (MCDM) methods based on 
neutrosophic projection and _ bidirectional projection 
measures respectively. 

Mondal and Pramanik [34] proposed rough tri-complex 
similarity measure based MADM method in rough 
neutrosophic environment and proved some of its basic 
properties. In the same study, Mondal and Pramanik [34] 
presented comparison of obtained results for an illustrative 
MADM problem with other existing rough neutrosophic 
similarity measures. 

Mondal et al. [35] defined rough neutrosophic hyper- 
complex set and rough neutrosophic hyper-complex cosine 
function and proved some of their basic properties. In the 
same study, Mondal et al. [35] also proposed rough 
neutrosophic hyper-complex similarity measure based 
MADM method. 


Pramanik and Mondal [36] defined bipolar rough 
neutrosophic sets and proved it basic properties. 


The correlation coefficient is an important tool to judge the 
relation between two objects. The correlation coefficients 
[37, 38, 39, 40, 41, 42] have been widely employed to data 
analysis and classification, decision making, pattern 
recognition, and so on. Many researchers pay attention to 
correlation coefficients under fuzzy environments. Chiang 
and Lin [43] introduced the correlation of fuzzy sets. Hong 
[44] proposed fuzzy measures for a correlation coefficient 
of fuzzy numbers under Tw (the weakest t-norm)-based 
fuzzy arithmetic operations. As an extension of fuzzy 
correlations, Wang and Li [45] introduced the correlation 
and information energy of interval-valued fuzzy numbers. 
Gerstenkorn and Manko [46] developed the correlation 
coefficients of intuitionistic fuzzy sets IFSs). Hung and Wu 
[47] also proposed a method to calculate the correlation 
coefficients of IFSs by centroid method. Xu [48] developed 
another correlation measure of  interval-valued 
intuitionistic fuzzy environment, and applied it to medical 
diagnosis. Ye [49] studied the fuzzy decision-making 
method based on the weighted correlation coefficient under 
intuitionistic fuzzy environment. Bustince and Burillo [50] 
and Hong [51] further developed the correlation 
coefficients for interval-valued intuitionistic fuzzy sets 
(IVIFSs). Hanafy et al. [52] introduced the correlation of 
neutrosophic data. Ye [53] presented the correlation 
coefficient of SVNSs based on the extension of the 
correlation coefficient of IFSs and proved that the cosine 
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similarity measure of SVNSs is a special case of the 
correlation coefficient of SVNSs. Hanafy et al. [54] 
presented the centroid-based correlation coefficient of 
neutrosophic sets and investigated its properties. Broumi 
and Smarandache [55] defined correlation coefficient of 
interval neutrosophic set and investigated its properties. 


In the literature no studies have been reported on MADM 
using correlation coefficient under rough neutrosophic 
environment. To fill the research gap, we propose 
correlation coefficient under rough  neutrosophic 
environment and proved some of its basic properties. We 
also present a new MADM method based on proposed 
measure. We also present an illustrative numerical 
example to show the effectiveness and applicability of the 
proposed method. 


Rest of the paper is organized as follows: Section 2 
describes preliminaries of neutrosophic sets, SVNSs and 
rough neutrosophic set (RNS). Section 3 describes the 
correlation coefficient between SVNSs. Section 4 presents 
definition and _ properties of proposed correlation 
coefficient between RNSs. Section 5 presents a rough 
neutrosophic decision making method based on correlation 
coefficient. Section 6 presents an illustrative hypothetical 
medical diagnostic problem based on the proposed MADM 
method. Finally, section 7 presents concluding remarks 
and future scope of research. 


2 Preliminaries 
2.1 Neutrosophic sets In 1998, Smarandache offered the 
following definition of neutrosophic set(NS)[1]. 


Definition 2.1.1 [1] 

Let X be a space of points(objects) with generic element in 
X denoted by x. A NS A in X 1s characterized by a truth- 
membership function Ta, an indeterminacy membership 
function I, and a falsity membership function Fa. The 
functions Ta, I, and Fa are real standard or non-standard 
subsets of ]0,1°[ that is T,:x—>jo-.1*LI,:xX—7]0°,1°— and 
F,:X¥ —-]0-,17[. It should be noted that there is no 
restriction on the sum of Ta, Ia and Fa te 
0 <T, +I, +Fy <3”. 

Definition 2.1.2 [1] 

(Complement) The complement of a neutrosophic set A is 
denoted by C(A) and is defined by T.a)(x)={17}-Ta(x), 
Tecay(X)={1"}-Ta(X), Fecay(x)={ 1} -Fa(x). 

Definition 2.1.3 [1] 

A neutrosophic set A is contained in another neutrosophic 
set B, denoted by AC B iff inf Ta(x)< inf Tp(x), sup 
Ta(x)< sup Tp(x), inf I4(x)= inf Ip(x), sup Ia(x)= inf Ip(x), 
inf Fa(x) > inf Fa(x) and sup Fa(x)> sup Fp(x) for all x in X. 
Definition 2.1.4 [2] 

Let X be a universal space of points (objects) with a 
generic element of X denoted by x. A single valued 
neutrosophic set A is characterized by a truth membership 
function Ta(x), a falsity membership function Fa(x) and 
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indeterminacy function I4(x) with Ta(x), Ia(x) and Fa(x)é 
[0,1] for all x in X. 

When X is continuous, a SNVS A can be written as 
follows: A= |,<T, (x),1, (x),F, (x) >/x for all xex and 
when X is discrete, a SVNS A can be written as follows : 
A=><T, (x), 1, (),F,(x)>/x forall xex. 

For a SVNS S,0 < supT,(x)+ supIa(x)+ supFa(x) < 3. 
Definition 2.1.5 [2] 

The complement of a single valued neutrosophic set A is 
denoted by c(A) and is defined by T.(a)(x) = Fa(x), Iccay(X) 
=1-Ia(x), Fecay(x) = Ta(x). 

Definition 2.1.6 [2] 

A SVNS A 1s contained in the other SVNS B, denoted as A 
C B iff, Ta(x)< Tpa(x), Ia(x)> Ip(x), Fa(x)> Fr(x) for all 
X In X. 


2.2 Rough Neutrosophic sets 

Rough neutrosophic sets [22, 23] are the generalization of 
rough fuzzy sets [56, 57, 58] and rough intuitionistic fuzzy 
sets [59]. 

Definition 2.2.1 [22] 

Let Y be a non-null set and R be an equivalence relation on 
Y. Let P be a neutrosophic set in Y with the membership 
function Tp, indeterminacy function Ip and_ non- 
membership function Fp. The lower and the upper 
approximations of P in the approximation space (Y, R) are 
respectively defined as: 


N(P) =<< x, Typ) (X), Incpy (X), Frey () > 
/ye[x]p,xe€Y> _ —_ 
and 

N(P) =<< X, lo (x), lw (x), ey (x) > 
/ye[x]p,xEeY> 





where, 

Typ) (x) = AZ €[X]g TeV), Lycry () 
= AZ €[X]rIp(Y), Fy(p) (x) 

= AZ €[X]p Fp(Y) _ 

and 

low (x) =Vvze[X]y Tp (YI ®) 
=VZ€[X]p Ip(Y), Fp) ‘ 
=VZ€[X]p Fp(Y) 

So, 


0<Typ)(X) + Typ) (X) + Fypy (x) $3. aNd OST 


Np (4) + gy) + Fe COS? « 


N(P) N(P) 

Here Vand A denote “max” and “min” operators 
respectively, Tp(y), Ip(y), and Fp(y) are the degrees of 
membership, indeterminacy and non-membership of Y 
with respect to P. 

Thus NS mapping, N,N:N(Y)>N(Y) are, respectively, 
referred to as the lower and upper rough NS approximation 
operators, and the pair (N(P),N(P)) is called the rough 
neutrosophic set in(Y,R). 

Definition 2.2.2 [22] 

If N@)=(N(@), N(P)) 18 a rough neutrosophic set in (Y, R), the 
rough complement of N(P) is the rough neutrosophic set 
denoted by ~(N@)=((N@)*.(N@)*) where (N)* and (NR)* 
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the 


N(P) respectively. 


are complements of neutrosophic sets Nip) and 


3 Correlation coefficient of SVNSs 

Based on the correlation of intuitionistic fuzzy sets, Ye 
[53] defined the informational energy of a SVNS A, the 
correlation of two SVNSs A and B, and the correlation 
coefficient of two SVNSs A and B. 

Definition 3.1 [53] 

For a SVNS A in the universe of discourse X = {X1, X2,..., 
Xn}, the informational energy of the SVNS A is defined by 
I(A) = © [Th (x) +14 (&) +) 

Definition 3.2 [53] 

For two SVNSs A and B in the universe of discourse 

X = {X1, X2,..., Xn}, correlation of the SVNSs A and B is 
defined as 


C(A,B)= 
LIT, (%;)T, &,) +1, &, I, &;)+F, &F, &,)] 
i=l 


Definition 3. 3 [53] 


The correlation coefficient of the SVNSs A and B 1s 
defined by the following formula: (1) 


K(A, B)= —_C“8) _ 
[C(A, A).C(B, B)] 


XI, (x; )Tg (Xj) + Ty (Xj Eg i) + Fa (Xi) Fp (&i)] 


1 1 
[2((Ta (x)? +a 06)? + Ea I? LET? + lp)? + Fa? 


The correlation coefficient K(A, B) satisfies the following 
properties : 

(1) K(A, B) = K(B, A); 

(2) 0< K(A,B) <1; 

(3) K(A, B) = 1, if A=B. 

4 Correlation coefficient of rough neutrosophic sets 
Correlation coefficient between rough neutrosophic sets 
(RNSs) is yet to define in the literature. Therefore in this 
paper, we define correlation coefficient between RNSs. 
Definition4.1. Assume that there are any two RNSs 

= <( Ta (Xj), 14 Oi)» Fa (Xi) ),( Tg (Xj ),T 4 (Xj), Fa (Xj) ),> and 

B = <( Ty&).Ig(%).Fe(%i) )>( Tas).Ip (xi). Fa(x;) )>. Then the 
correlation between the RNSs A and B is defined as 
C(A,B)= >[8T, (x,).6T,(x,) +61, (x, ).51, (x,) + 8F, (x, ).8F, (x, )] 
where x.) +T, (x, 

éT, (x,) = eer we 


L(x )+1,(x«,) 
81, (x,)==—_—_, 


F, (x,) +, (x,) 
SF, (x,) == ——. 
T, (x,) +T,(%,) 


a1, (x) ==. 
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1, (x,) +1, (x,) 
SL, (x,) == and 
F. (x,)+F,(x,) 
BF, («,) = =—5 —_ 
Definition 4.2.The correlation coefficient of the RNSs A 
and B 1s defined as 
KA pe 

‘ [C(A, A).C(B, B)]"”” 


YT, (x,).6T, (x,) +6, (x, ).O1, (x, ) + 5F, (x, ).6F, (x, )] 


Se SO 
(ZIT, (x,))° + (81, (&))° + (OF, «YPC [(8T,(x;))° + (81, 06," + (BF, (x) F) 

The correlation coefficient K(A, B) satisfies the following 

properties : 

(1) K(A, B) = K@B, A); 

(2) 0< K(A,B) <1; 

(3) K(A, B) = 1, if A=B. 


Proof 
(i) 
Kane 
[C(A, A).C(B, B)]'”” 
_ (BA) = K(B,A) 


~ [C(B,B).C(A, A)]}!” 


(ii) As C(A, B) > 0, C(A, A) = 0, C(B, B) > 0 so K(A, B) > 
0 


According to the Cauchy—Schwarz inequality: 
(a,b, +.....+a,b,)* <(ay t......ta% (by t+.....0.: +b-) 


where aj , bie R for 1=1.......,n, 
(a,b, +.....+a,b,) 

So i 7 

(ae cacy? Or ass +b2)? 


Replacing aj by oT, (x, ) and b; by oT, (x, ) we obtain 
K(A, B) <1. 


Therefore, 0< K(A, B) < 1. 


(ii) If A=B 
C(A, A) 
then K(A,B) = K(A,A) = [c(a, A).c(A, AJ]! 


— CAA) _, 
C(A,A) 
Hence proved. 
Considering n= 1, we get the following: 





(3) 


K(A,B)= 
OT, (x; ).6Tp (x; ) + O14 (Xj ).61 p(X; ) + OF 4 (Xj ).OFB (x; ) 
1 1 
((5T, (x;))7 + (8Iq (K;{))* + (Fa (K;))7)? (ST (K;))* + (Sg (x; ))7 + (Fy (K;))7)? 


Which is the cosine similarity measure between two RNSs 
A and B [27]. 

Weighted correlation coefficient: 

Let w = {wi, W2, ..., Wn} be the weight vector of the 
elements x; (1= 1, 2, ..., n). 

Then the weighted correlation coefficient between A and B 
is defined by the following formula: 
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Ky (A, B)= 
iw [OT (X; ).0Tp (X;) + OL 4 (X; ).0Lg (Xj) + OF 4 (; ).OFg (X;)] 


oe ete ey (4) 


[C2 fw LT, (5)? + Ly)? + OF 7H?) 
1 
(= {w [OT p(x)? + Bla)? + BF)? )] 


If w = {1/M, 1, .. 
equation (2). 
Weighted correlation coefficient K,(A, B) also satisfies the 
following properties: 
(1) Kw(A, B) = Ky(B, A); 
(2) 0<K, (A,B) <1; 
(3) K,(A, B) = 1, 1f A=B. 
Proof 
(i) 
Kw (A, B)= 
Ew; [ST 4 (x;).8Tg(X;) + 514 (x; ).S1g (X;) + BF 4 (x;).8Fp (x; )] 
1 
[C2 fw [OT (x)? + Ly i)? + GFa (Ki)? TF?) 


., 1/n}, then equation (4) reduces to 


1 
(¥ {w [Tp (xj)? + lp (x) + GFe i)? 
Ew [Tp (x; BT (xj) + 5p (4) )51 4 (%;) + BF p(X; ) BF, (I 


7 1 
[C2 wT)? + Clg)? + OFy 717) 
1 
(& {w [OT ()))? + (BL (5)? + BF (6)? DI 
=K,(B,A) 


W [ST 4 (Xj ).6Tg (Xj) + OL 4 (X;)-O1g (X; ) + OF 4 (x; )-OFR (x; )] 2 0, 


(ii) As 


- 


1 
{w[(ST, (x;))* + (S14 (&;))* + (GF, (xi) }}? 20 
1 
and > {w;[(8Tg(x;))? + (Sly (x;))? + (8Fy(x;))7}? 20 
i=l 


sO Kw(A,B) = 0. 
Using the weighted Cauchy—Schwarz inequality [60], we 
have 


Gwe bya woacbs )* S (way Fen wae Ow by Fie +w,bz) 


Ms Ms 


- 


where wi, ai, bic R fori=l,...,n. 


(w a,b, +....4+W,a,b,) 


(wa; Sacer w,az)2(w,b? oe + w,,b2)2 
Replacing ajby w,st,(«,) and bj by w,st,(«,) we obtain 
Kw(A, B) <1. 
Therefore, 0 < K(A, B) < 1. 
(iii) If A= B, then 
K(A,B) = K(A,A) 
Ww, [ST 4 (x; ).6T, (X;) + OL, (X;).01 4 (X;) + OF 4 (X;).OF 4 (x; )] 
————————— Oe 
[C2 {w [OT i)? + Oly i)? + OFA (i)? D7) 
1 
(& {w [OT (4)? +B, (6;))? + GF)? 17] 
2 {w [OT )))? + Oly)? + GF (i)? T 
=  _____.__— | 
Ew [OTs (i)? + Gly i)? + BFA (i) D 


Hence proved. 
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5 Rough neutrosophic decision making based on 
correlation coefficient 

Let Aj, Ao, ..., Am be a set of elements (/objects / persons), 
Cy, Co, ... , Cy be a set of criteria for each element and E,, 
E>, ... , Ex are the alternatives for each element. 

Step 1. The relation between elements Aj (i = 1, 2, ... , m) 
and the criteria C; (j = 1, 2, ... ,n) 1s presented in Table 1| in 
terms of RNSs. 


Tablel : Relation between elements and criteria 


CC. a 
A, Xi, Ang ata X,, 
A, ee X53 ee 
pay OGs ae Boe 


where 

eS Cl Hay Lhe 

with 0<T;, +1, +F, <3 and0<T;, +1, + <3. 

The relation between criterion Cj (i = 1, 2, ..., n) and the 
alternative Ej (j = 1, 2, ... ,k) is presented in Table 2 in 


terms of RNSs. 
Table 2 : Relation between criteria and alternatives 


B iy ee. ey 
Ci dag: haat aay Gg 
C, Y,, Ie ee 
CA We cn 
where 


¥ =< 1i-F sO play 
with 
0<T; bgt By <3 and 0<T; +1, + Fj $3. 


Step 2. Determine the correlation measure between Table 1 
and Table 2 using equation 2. The obtained values are 
presented in Table 3. 


Table 3 : Correlation coefficient between tablel and table2 


E, E, ... E, 
Al Pic Pip Di 
A,| Px» Px Px 
A, Pin Pio Pink 


Step 3. From Table 3, for each element Aj (1 = 1, 2, ..., m), 
find the maximum correlation value of the i-th row (1= 1, 
2, ...,m). If the maximum value occurs at j-th column 

(j = 1, 2, ..., k) (see Table 3), then E; will be the best 
alternative for the element Aj (i =1, 2, ..., m). 

Step 4. End. 

6 Medical Diagnosis Problem 

We consider a medical diagnosis problem for illustration 
of the proposed method. Medical diagnosis comprises of 
inconsistent, indeterminate and incomplete information 
though increased volume of information available to 
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doctors from new medical technologies. The proposed 
correlation coefficients among the patients versus 
symptoms and symptoms versus diseases will provide 
medical diagnosis. Let P = {P1, Po, P3} be a set of patients, 
D = {Viral fever, Malaria, Stomach problem, Chest 
problem! be a set of diseases and S = {Temperature, 
Headache, Stomach pain, Cough, Chest pain} be a set of 
symptoms. Using proposed method the doctor is to 
examine the patient and to determine the disease of the 
patient in rough neutrosophic environment. 

Based on the proposed approach the considered problem is 
solved using the following steps: 

Step 1. Construction of the rough neutrosophic decision 
matrix 

Table 4: (Relation-1) The relation between Patients and 
Symptoms 


<(.6,.4,.3) 


(.8,.2,.1)> 


<(.5,.3,.4) 
Ci332)e 
<(.6,.4,.4) 
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(.8,.2,.2)> 





Table 5: (Relation-2) The relation among Symptoms and 
Diseases 


Headache 


Stomach 


pain 


cough <(.4,.3,.3 
ye 
(.6,.1,.1) 
> 





33 


34 





Chest pain 


Step 2. Determination of correlation coefficient between 
table 1 and table 2 

Table 6: The correlation measure between Relation-1 and 
Relation-2 


en ee 
Fever problem problem 





Step 3. Ranking the alternatives 

According to the values of correlation coefficient of each 
alternative shown in Table 3, the highest correlation 
measure occurs in column1(i.e. for the diseases viral fever. 
Therefore, all three patients P;, Po, P3 suffer from viral 
fever. 


7 Conclusion 
In this paper, we have proposed correlation coefficient and 
weighted correlation coefficient between rough 


neutrosophic sets and proved some of their basic properties. 


We have developed a new multi criteria decision making 
method based on the correlation coefficient measure. We 
presented an illustrative example in medical diagnosis. We 
hope that the proposed method can be applied in solving 
realistic multi criteria group decision making problems in 
rough neutrosophic environment. 
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Abstract. Neutrosophic sets and its application to decision 
support have become a topic of great importance for re- 
searchers and practitioners alike. In this paper, a new 
model for decision making in the selection of information 
system projects is presented based on single valued neu- 
trosophic number (SVN-numbers) allowing the use of lin- 
guistic variables with multiples points of view from ex- 
perts. The proposed framework is composed of four activ- 


ities, framework, gathering information, rating alterna- 
tives and information system project selection. Project al- 
ternatives are rated based on the Euclidean distance to the 
ideal alternative. A case study is developed in information 
system, showing the applicability of the proposal. Further 
works will concentrate in extending the model for dealing 
with heterogeneous information and in developing a soft- 
ware tool. 


Keywords: Decision Analysis, SVN Numbers, Ideal Alternative, Information Systems, project selection. 


1 Introduction 


Decision analysis is a discipline, belonging to decision the- 
ory, with the goal of computing an overall assessment that 
summarizes the information gathered and providing useful 
information about each evaluated element (Macarena 
Espinilla, Palomares, Martinez, & Ruan, 2012). Uncertainty 
is present in real world decision making problems in such 
cases the use of linguistic information to model and manage 
such an uncertainty has given good results (Estrella, 
Espinilla, Herrera, & Martinez, 2014). Experts feel more 
comfortable providing their knowledge by using terms close 
to human beings cognitive model (Rodriguez & Martinez, 
2013) that is the rationale for using linguistic variables. 


The conventional techniques have been not much effective 
for solving decision problems because of imprecise nature 
of the linguistic assessments. It is more reasonable to con- 
sider the values of alternatives according to the criteria as 
single valued neutrosophic sets (SVNS) (Wang, 
Smarandache, Zhang, & Sunderraman, 2010) for handling 
indeterminate and inconsistent information, while fuzzy sets 
and intuitionistic fuzzy sets cannot describe it properly . In 
this paper a new model of information system project selec- 
tion is developed based on single valued neutrosophic num- 
ber (SVN-number) allowing the use of linguistic variables 
(Biswas, Pramanik, & Giri, 2016). 


This paper is structured as follows: Section 2 reviews some 
preliminaries concepts about decision analysis framework 
and SVN numbers is presented. In Section 3, a decision 


analysis framework based on SVN numbers for project se- 
lection. Section 4 shows a case study of the proposed model. 
The paper ends with conclusions and further work recom- 
mendations. 


2 Preliminaries 


In this section, we first provide a brief revision of a gen- 
eral decision scheme and the use of linguistic information 
using SVN numbers for information system Project selec- 
tion. 


2.1 Decision Scheme and Information Systems 
Project Selection 


Decision analysis is a discipline with the main purpose of 
helping decision maker to reach a reliable decision (M. 
Espinilla, Ruan, Liu, & Martinez, 2010). 


A common decision resolution scheme consists of fol- 
lowing eight phases (Clemen, 1996; Estrella et al., 2014): 


Identify decision and objectives. 
Identify alternatives. 
Framework: 

Gathering information. 


Rating alternatives. 


et et ae ae 


Choosing the alternative/s: 


Silvia Lillana Tejada Yepez. Decision support based on single valued neutrosophic number for information system project 


selection 


38 


7. Sensitive analysis 
8. Make a decision 


In the framework phase, the structures and elements of 
the decision problem are defined such as experts, criteria, 
options. The information provided by experts is collected, 
according to the defined framework. 


The gathered information provided by experts 1s then ag- 
gregated to obtain a collective value of alternatives in the rat- 
ing phase. Therefore, in rating phase, it is necessary to carry 
out a solving process to compute the collective assessments 
for the set of alternatives, using appropriate aggregation op- 
erators (Calvo, Kolesarova, Komornikova, & Mesiar, 2002). 


A way to compute a rating of alternatives is by using the 
ideal alternative concept. A comparison between an ideal al- 
ternative and available options in order to find the optimal 
choice is used for the ratting of alternatives (Zeng, 
Balezentis, & Zhang, 2012). Normally, the closer the alter- 
native to the ideal the better the alternative 1s. 


Information systems project selection could be defined as 
a multicriteria decision problem (Lee & Kim, 2001) . This 
fact makes the process of selecting information systems pro- 
jects suitable for decision analysis scheme model. 


2.2 SVN-numbers 


Neutrosophy (Smarandache, 1999) is mathematical the- 
ory developed by Florentin Smarandache for dealing with in- 
determinacy Neutrosophy have been the base for developing 
of new methods to handle indeterminate and inconsistent in- 
formation like neutrosophic sets an neutrosophic logic 
(Smarandache, 2005; Vera, José, Menéndez Delgado, 
Gonzalez, & Vazquez, 2016) . It is used specially in decision 
making problems. 


The truth value in neutrosophic set is as follows 
(Rivieccio, 2008): 


Let N be a set defined as: N = {(T,1,F): T,I,F © 
[0, 1]}, a neutrosophic valuation n is a mapping from the set 
of propositional formulas to N , that is for each sentence p 
we have v (p) = (T,1,F). 


Single valued neutrosophic set (SVNS ) (Wang et al., 
2010) was developed with the goal of facilitate the real ap- 
plications of neutrosophic set and set-theoretic operators. 


A single valued neutrosophic set (SVNS) has been de- 
fined (Definition 1) (Wang et al., 2010): 


Definition 1: Let X be a universe of discourse. A single 
valued neutrosophic set A over X 1s an object having the form 
of: 


A= {(x, uA(x), rA(x), vA(x)): x € X} 
(1) 


where uy(x):X — [0,1], m(x),:X > [0,1] and 
v,(x):X > [0,1] with O<uy(x~) + (x) + vy(%):< 3 for 
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all x € X. The intervals u,(x), ™(*) y v,a(x) denote the 
truth- membership degree, the indeterminacy-membership 
degree and the falsity membership degree of x to A respec- 
tively. 


Single valued neutrosophic numbers (SVN number) are 
denoted by A= (a,b,c), where a,b,cE[0,1] and a+b+c<3 . 


In decision analysis schema aggregation operating are 
important for rating options. Some aggregation operators 
have been proposed for SVN numbers (Ye, 2014a). Single 
valued neutrosophic weighted averaging (SVNWA) operator 
was proposed by Ye (Ye, 2014a) for SVNSs as _ fol- 
lows(Biswas et al., 2016): 


By (Ay, Aa, An) = (1 - Pte (1 - 


Ta) M1a(t4,@0) Ta (Faj@O) 
(2) 


Alternatives could be rated according Euclidean distance 
in SVN (Sahin & Yigider, 2014; Ye, 2014b). 


Definition 2: Let A“ = (A;,A3 ,..,A, ) be a vector of n 
SVN numbers such that A; * = (a;, b;, c;) j=(1,2, ... , n) 
and B; = (Bj1, Biz, ... , Bim) (t= 1,2, ..., m) be m vectors of 
n SVN numbers such that Bij = ( Qij> bij, Ci;) (i = 1,2, a 
m), J = 1,2, ... , n). Then the separation measure between 
B,'s y A* is defined as follows: 


1 


)'+({bi-b; |) +(ley-ef |) }) 











Si- (- ye {({aij-a; 
(3) 


In this paper the concept of linguistic variables (Leyva- 
Vazquez, Santos-Baquerizo, Pena-Gonzalez, Cevallos- 
Torres, & Guyarro-Rodriguez, 2016) are represented using 
single valued neutrosophic numbers (Sahin & Yigider, 
2014)for developing a framework to decision support. 


The gathering information phase is developed using SVN 
numbers (Deli & Subas, 2016) due to the fact that provides 
adequate computational models to deal with linguistic infor- 
mation (Leyva-Vazquez et al., 2016) in decision. It allow to 
include handling of indeterminate and inconsistent in infor- 
mation system project selection. 


3 Proposed framework. 


Our aim is to develop a framework for information sys- 
tem project selection based on SVN numbers. The model 
consists of the following phases (figure 1). 


Gathering Rating 
Tieguelielen Alternatives 


Figure 1: A framework for using SVN numbers in 
information system project selection 


Information 
system 


Project 
ry-1 (Tol ale) a] 
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The proposed framework is composed of four activities, 
framework, gathering information, rating alternatives and in- 
formation system project selection. 


Framework 


In this phase, the evaluation framework, the decision prob- 
lem of information system project selection is defined. The 
framework 1s established as follows: 


e C={c1,Cz,..,Cy} with n = 2, a set of criteria. 
e E={e,,@2,..,e,} with k > 2, a set of experts. 


ee = X = {x1,X2,..,X%,} with m => 2, a finite set of in- 
formation systems projects alternatives. The set of 
experts will provide the assessments of the decision 
problem. 


Gathering information 


In this phase, each expert, e; provides the assessments by 
means of assessment vectors: 


UX=(v*,,,i=1,..,nj=1,..,m) (5) 


The assessment vis, provided by each expert e;,, for each 
criterion c; of each project alternative x;, is expressed using 
an SVN number. 


Rating alternatives 


Initial aggregation process is developed for rating alter- 
natives. The aggregated SVN decision matrix obtained by 
aggregating of opinions of decision makers. In our proposal 
the SVNWA aggregation operator used Eq. (2). 


For rating alternatives an ideal project option is con- 
structed (Leyva-Vazquez, Pérez-Teruel, & John, 2014; Sahin 
& Yigider, 2014). The evaluation criteria can be categorized 
into two categories, benefit and cost. Let C* be a collection 
of benefit criteria and C’ be a collection of cost criteria. The 
ideal alternative is defined as: 


1 = {(maxk.,Ty,\j €C*,mink.,Ty Ij €C-) 
J + k ] = 
EC MAX j=11y lj EC 
EC*, maxj_1Fy, lj EC™ } 
= [v4, V2, «+, Un (6) 


(mink, Iy, lj 


mink Fy fi 


Alternatives are rated according Euclidean distance [: 1 
n I 2 J a \\2 
= >) aia I) +(e 71@7))) | 
; +(\F@)-F@:')|) 


4 Case study 


In this section, we present an illustrative example in order 
to show the applicability of the proposed framework for in- 
formation system project selection. 


In this case study the evaluation framework is compose 
by 2 experts E={e,,e,} who evaluate 3 alternatives(infor- 
mation system projects) . 


x1: CRM 

x2: ERP 

x3: SCM 

These projects are described in Table #1. 


TABLE I. 


fid | Name | Description 


Custumer Relation 


PROJECTS OPTIONS 


Management Software 


Enterprise Relationship 
Managemet Software 


Supply Chain Managemet 
Software 


3 criteria are involved, which are shown below: 





c;: Benefits 
c2: Factibility 
c3: Cost 


In Table 2, we give the set of linguistic terms used for 
experts to provide the assessments. 


TABLE II. LINGUISTIC TERMS USED TO PROVIDE THE ASSESSMENTS 
(SAHIN & YIGIDER, 2014) 


Good (G) 


Medium (M) (0.50,0.50,0.50) 
Medium bad (MB) (0.40,0.65,0.60) 





Once the evaluation framework has been determined the 
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j=l 
(i LZ tect) (7) information about the projects is gathered (see Table 3). 


Information System Project Selection 


Ranking is based in the global distance to the ideal. If 
alternative project x; is closer to J the distance measure (5; 
closer) better is the project alternative (Leyva-Vazquez, 
Pérez-Teruel, Febles-Estrada, & Gulin-Gonzalez, 2013). 
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TABLE UL. 


RESULT OF GATHERING INFORMATION 





For rating project alternatives, an initial aggregation pro- 
cess is developed. Then the aggregated SVN decision matrix 
obtained by aggregating of opinions of decision makers is 
constructed by Eq. (2). The result is given in Table 4. The 
importance of each expert is expressed in the weighting vec- 
tor W = [0.7,0.3]. 


TABLE IV. AGGREGATED SVN DECISION MATRIX 


a 





Calculation SVN positive-ideal solution is made as Table 5. 


TABLE V. SVN POSITIVE-IDEAL VALUES 


 Positve-ideal 
(7,00) 
e 





Separation measure of each alternative from the positive- 
ideal solution are calculated using Eq. (4) and are given by 
Table 6. 


TABLE VI. 


[TSN positives 


DISTANCE TO THE IDEAL SOLUTION 


x3 0.61 3 
0.37) 





According to descending order of relative closeness co- 
efficients values, four alternatives are ranked as: x, > x, > 
X3. 


5 Conclusions. 


In recent years, neutrosophic sets and its application to 
multiple attribute decision making have become a topic of 
great importance for researchers and practitioners. In this pa- 
per a new model information system project selection based 
on SVN-number applied allowing the use of linguistic vari- 
ables for application in in complex decisions that require 
multiples points of view. To demonstrate the applicability of 


selection 
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the proposal a case study. Our approach has many applica- 
tion information system project selection that include inde- 
terminacy. 


Further works will concentrate extending the model for 
dealing with heterogeneous information (Pérez-Teruel, 
Leyva-Vazquez, & Espinilla-Estevez, 2013). Another area of 
future work is the developing of new aggregation models 
based on SVN numbers specially compensatory operators 
(Espin-Andrade, Gonzalez Caballero, Pedrycz, & Fernandez 
Gonzalez, 2015) and the developing of a software tool. 
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Abstract. In this paper, we propose a new concept named the 
uniform single valued neutrosophic graph. An illustrative examp- 
le and some properties are examined. Next, we develop an algo- 
rithmic approach for computing the complement of the single va- 


lued neutrosophic graph. A numerical example is demonstrated 
for computing the complement of single valued neutrosophic 
graphs and uniform single valued neutrosophic graph. 


Keywords: Single valued neutrosophic sets; Uniform single valued neutrosophic graph; Complement operators 


1 Introduction 


In 1965, Zadeh [7] originally introduced the concept 
of fuzzy set(FSs) which is characterized by a membership 
degree in [O, 1] for each element in the dataset. It may not 
always be true that the degree of non-membership of an 
element in a fuzzy set is equal to | minus the truth- mem- 
bership degree because there is some kind of hesitation 
degree. On the basis of fuzzy sets, Atanassov [4] added a 
non-membership in the definition of intuitionistic fuzzy 
sets (IFSs) and later Smarandache [2] introduced the neut- 
rosophic sets (NSs) with the appearance of the truth- 
membership degree (T), the falsehood-membership degree 
(F), and the indeterminacy degree (I). Wang et al. [3] pro- 
posed various set theoretical operators and linked to single 
valued neutrosophic sets The concept of neutrosophic sets 
have been successfully applied to many fields [16]. 


Fuzzy graph has been studied extensively in the past 
years [5,8,9]. Later on, Smarandache [1] proposed neutro- 
sophic graphs in some special types such as neutrosophic 
offgraph, neutrosophic bipolar/tripolar/ multipolar graph. 
Presently, works on neutrosophic vertex-edge graphs and 
neutrosophic edge graphs are progressing rapidly. Broumi 
et al.[13] introduced certain types of single valued neutro- 
sophic graphs ( in short SVNG) such as strong single va- 
lued neutrosophic graph, constant single valued neutroso- 
phic graph, complete single valued neutrosophic graph 
with their properties and examples. Neighborhood degree 
of a vertex and closed neighborhood degree of vertex in 
single valued neutrosophic graph were introduced in [15]. 
The necessary and sufficient condition for a single valued 


neutrosophic graph to be an isolated single valued 
neutrosophic graph has been presented in [10]. Other ex- 
tensions of the neutrosophic graph have been described in 
[11,12, 14]. 

Up to now, to the best of our knowledge, there has 
been no study on the uniform single valued neutrosophic 
graph. Thus, we propose in this paper a new concept na- 
med the uniform single valued neutrosophic graph. An il- 
lustrative example and some properties are examined. Next, 
we develop an algorithmic approach for computing the 
complement of the single valued neutrosophic graph. 


The remainder of this paper is organized as follows. In 
Section 2, we present the basic definitions. In section 3, we 
introduce the concept of uniform single valued neutroso- 
phic graph and investigate its properties. Section 4 introdu- 
ces an algorithm for computing the complement of single 
valued neutrosophic graphs. A numerical example is pre- 
sented in Section 5. Finally, Section 6 outlines the conclu- 
sion of this paper and suggests several directions for future 
research. 


2 Preliminaries 


In this section, we have present the basic definitions 
of fuzzy sets, neutrosophic sets, single valued neutrosophic 
sets, fuzzy graphs, uniform fuzzy graphs, complement of 
single valued neutrosophic graph which will be useful to 
our main work in the next sections. 


Definition 1[1]. Let X be the universe of discourse 
and its elements denoted by x. In fuzzy theory, a fuzzy set 
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A of universe X is defined by the function T,(x), called 
the membership function of set A. 
T,:X—[0, 1] (1) 


For any element x of universe X,7,(x) equals the 
degree, between 0 and 1, to which x is an element of set A, 
This degree represents the membership value or degree of 
membership of element x in set A. 


Definition 2[1]. Let X be a space of points and let x 
€ X. A neutrosophic set A in X is characterized by a truth 
membership function T, an indeterminacy membership 
function I, and a falsehood membership function F which 
are real standard or nonstandard subsets of |—0,1+[, and T, 
I, F: X—]-0,1+[. The neutrosophic set can be represented 
as, 

A={(x, Ta (x), In (xX), F,(x)): XE x} (4) 


There is no restriction on the sum of T, I, F, So 
“0 <T,(x)+ In (x) +F 4 (x)< 3”. (5) 


From philosophical point of view, the neutrosophic 
set takes the value from real standard or non-standard sub- 
sets of ]0,17[. Thus it is necessary to take the interval [0,1] 
instead of ]0,1°[. For practical applications, it is difficult 
to apply] 0,1°[ in the real life applications such as enginee- 
ring and scientific problems. 


Definition 3[3]. Let X be a space of objects with ge- 
neric elements in X denoted by x. A single valued neutro- 
sophic set A (SVNS) is characterized by truth-membership 
function T,(x), an indeterminate-membership function 
I,(x), and a falsehood-membership function F,(x). For 
each point x in X, T,(x), I(x), Fa(x)E[0, 1]. ASVNS A 
can be written as, 


A={(x, Ta (x), In (x), F,(x)): XE x} (6) 


Definition 4 [5]. A fuzzy graph is a pair of functions 
G = (o, wu) where o is a fuzzy subset of a non empty set V 
and wp is a symmetric fuzzy relation ono. 1e o: V > [ 
0,1] and wu: VxV->[0,1] such that u(uv) < o(u) A o(v) for 
all u, v € V where uv denotes the edge between u and v 
and o(u) A o(v) denotes the minimum of o(u) and o(v). o 
is called the fuzzy vertex set of V and wis called the fuzzy 
edge set of E. 


0.1 0.3 


(1) : (1) 


0.1 
0.1 


0.1 0.2 


0.4 


Fig.1. Fuzzy graph 


Remark: The crisp graph G* = (V, E) is a special ca- 
se of the fuzzy graph G with each vertex and edge of ( V, 
E) having degree of membership 1| (Fig. 1). 

Definition5[6,8]. The complement of a fuzzy graph 
G = (o, uw) is a fuzzy graph G = (G, ji) where & =o and 
(u,v) = o(u)Ao(v)-u (u,v), V u,v € V. 

Definition 6[6,8]. Let G = (o, uw) be a fuzzy graph on 
a crisp graph G* = (V, E). Let o°={xeE V | o(x)> 0}.Then 
G is called a uniform fuzzy graph of level kif u (x,y) = k, V 
(x,y) € (o Xo') and o(x) = k where Kisa positive real 
such that 0 <k, <1. 


Definition 7[15].Let G = (V, E) be a single valued 
neutrosophic graph, then the degree of a vertexx ; is defi- 
ned by dg (x ;)=dg(x)=(dr(x),.d;(x),dr(x)), de(% i) = 
(Qxey Tp (%Y), Uxeylp&y), Urey lp (&Y) )- 


Definition 8[15].Let G = (V, E) be a single valued 
neutrosophic graph, then the total degree of a vertex x ; is 
defined by td,(x ;) =d,(x) =( td;(x) , td;(x) , tdp(x) ), 
tdg(x ;) = Oixsty Tg (& y) + Ta(x), yixty Ip(x,y) + 
I(x), Lxty Ip (xy) + a(x) )- 


Definition 9[13]. Let G = (V, E) be a single valued 
neutrosophic graph, then the complement of single valued 
neutrosophic graph is defined as 
1.V =v 
2.T, (x)=Ta(x), [4(x) = 14 (%), Fa(X) =F a(x) for all xEV. 
3.T3 (x, y)= min [T,(x), T(y)] — Tg y) 

Ip(x, y= max [Iq (x), Ia(y)] — Ip (x y)and 
Fg(x.y)= max [ Fa(x), Fa(y)] — Fa(%y), for all (x,y) €E 


Definition 10[13]. Let G = (V, E) be a single valued 
neutrosophic graph. If dg (x ,)= (k,, kz, k3) for all x; € 
V, then the single valued neutrosophic graph is called re- 
gular SVNG of degree (k,, kz, k3) 
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Definition 11[13]. Let G = (V, E) be a single valued 
neutrosophic graph. If td¢ (x ;)= (k,, kz, k3) for allx;€ 
V, then the single valued neutrosophic graph is called To- 
tally regular SVNG of degree (k,, kz, K3) 


lll. Uniform Single Valued Neutrosophic Graph 


In this section, we define the concept of uniform sing- 
le valued neutrosophic graphs( in short USVNGs). 


Definition 8. Let G = (A, B) be a single valued neut- 
rosophic graph where A =(T,, [,, F,) 1S a single valued 
neutrosophic vertex of G and B is a single valued neutro- 
sophic edge set of G. Let A={xE€ V|T7,(x)> 0,1,(x)> 0 
and F(x) > 0}.Then G is called Uniform single valued 
neutrosophic graph of level (k,, kz, k3) if Tp (xy) = 
k,,1,(x)=k,and Fp(x,y) = k3V (x,y) € (VX V) and T, (x) = 
k,,I,(x) = k,and F,(x) = kz where k,, k,and kz are some 
positive real such that 0 <k,,k2,k3 <1. 


Example 1. Consider an USVNG G= (A,B) on 


V={V1,V1,V3,V4,} as shown in Fig.2. 


(0.3. 0.4. 0.6) 
(0.3. 0.4. 0.6) 







(0.3. 0.4. 0.6) 


(0.3, 0.4, 0.6) 
(0.3, 0.4, 0.6) 


(0.3. 0.4. 0.6) 


(0.3. 0.4. 0.6) (0.3. 0.4. 0.6) 


Fig. 2. USVNG. 


Remark: The complement of an uniform single va- 
lued neutrosophic graph is always an empty graph. 


Theorem1. If G = (A, B) is an uniform single valued 
neutrosophic graph of level (k,, kz, kz) then G is a regu- 
lar-USVNG. 

Proof. Let A={x €EV|T7T,(x) > 0, 1,(x) > O and 
F(x) > 0}. Suppose that G is a uniform single valued 
neutrosophic graph. Then Tp, (x, y) = ky,Ip (x, y) = kz and 
Fp (xy) = k3V (xy) € Eand T,(z) = k,, [,(Z) = kz and 
F,(z) = k3,V z€ V for some real k,, k,and kz; where 0 
<k,,k2,k3 <1. 

Let x € V. Now dg (x)=(d7(x«),d,;(x), dp (x)) 


d(x) =() Tay), In), D) Fal y)) 
=Qixsy Ky, yixey Kp, Dixty k3) 
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=((n-1) ky, (n-1) k, (n-1) k3) 
d¢(x)=((n-1) k,, (n-1) kz, (n-1) kk3) Vx EV 


Therefore, G is regular uniform single valued neutro- 
sophic graph. 


Theorem 2. If G = (A, B) is a uniform single valued 
neutrosophic graph of level (k,, kz, kz) then Gis a totally 
regular- USVNG. 


Proof. Let A={x €EV|T7T,(x) > 0, 1,(«) > O and 
F(x) > 0}. Suppose that G is a uniform single valued 
neutrosophic graph. Then Tp (x, y) = kz ,Ip (X, y) = kz and 
Fp (x,y) = k3V (x,y) € Eand T,(z) = k, , I,(2) = Kz and 
F,(z) = k3Vz€V for some real k,, k, andk3 where 0 
<k,,kz,k3 <1.Let x € V. Now, 
tdg(x)=(dr (x) + Ty(x),d, (x) + Ig (X),de (x) + Fax) 


dex =() Tey) +TAX), lay) 


+1), Fa &Y) + Fx) 


=(Qixey Ky) + ky, Oixey Ky) + ko, Qixsty k3) + ks) 
=((n-1) ky+k,, (n-1) k2+k2, (n-1) k3+k3) 
td, (x)=(nk,,nkz,nk3)Vx EV. 


Therefore, G is totally-regular uniform single valued 
neutrosophic graph. 


Theorem 3. If G = (A, B) is a uniform single valued 
neutrosophic graph of level (k,, kz, kz) on G*=(V, E), then 
the order of Gis O(G)= (nk,, nkz,nk3). 


Proof: Let A={x €V|T,(x)> 0, 1,(x) > O and 
F(x) > 0}. Suppose that G is a uniform single valued 
neutrosophic graph. Then Tp (x, y) = kz ,Ip (X, y) = kz and 
Fp (x,y) = k3V (x,y) € Eand T,(z) = k, , I,(Z) = Kz and 
F,(z) = k3,Vz€V for some real k,, k, andk3 where 0 
< k,,kz,k3 <1.Letx € V. Now 

O(G)=(07(G),0;(G),07(G)) 


O@)=() THO) 60D) fa 09) 


=Qixev Ky, Dixev Kp, DixeVv K3) 
Then,O (G)=(nk,, n k5, n k3). 


=(Lxev ki, Uxev Ka, Lxev Ks) 
Then,O(G)=(nk,, n k,n k3). 


Theorem 4.The uniform single valued neutrosophic 
graph is a generalization of uniform fuzzy graph. 


Proof: Straightforward. 
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IV. Computing Complement of Single Valued Neu- Example 2 Consider a fuzzy graph as shown in Fig.6 
trosophic Graph i4 i 


In this section, we present in the last paper, a peudo- 0.1 
code of an algorithm computing the complement of single 
valued neutrosophic graph. This algorithm has the ability 
of computing the complement of fuzzy graphs, strong in- 
tuitionistic fuzzy graphs, uniform fuzzy graphs and also 
uniform single valued neutrosophic graphs. 

The following flowchart demonstrates the algorithm 
to compute the complement operator is presented in 
Fig.3V.Numerical Example 
In this section, we present an example to compute the 
complements of the uniform single valued neutrosophic 01 01 
graph. Consider a graph in Fig.4. 0.4 


0.1 
0.1 


Fig. 6.Fuzzy graph 
Using the above pseudo code, the output result for the 
complement of fuzzy graph is as follows: 


(0.4, 0.2, 0.3) 
(0.4, 0.2, 0.3) 





(0.4, 0.2, 0.3) 


enter no of vertex 






(0.4, 0.2, 0.3) 


(0.4, 0.2, 0.3) 


(0.4, 0.2, 0.3) 


(0.4, 0.2, 0.3) 


(0.4, 0.2, 0.3) 


Fig. 4.A uniform single valued neutrosophic graph 


enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 


<T .F> 
<T .F> 


values 
values 
€T.F> values 
€T.F> values 
the edges «x 
2 ee ee 
the edges (x 
€T.F> values 
the edges (x 
€T.F> values 
the edges ‘x 
€T.F> values 
the edges (x 
i ee ee 2 
the edges (x 
2 ee es os 


Vertex: 
VePtex: 
Vertex: 


SB © &@ & © ARPA 


membership values of complement of IFG are 


Using the above pseudo code, the output result for the 
complement of a uniform single valued neutrosophic graph 
is in Fig. 5. 


ce} C:\Documents and Settings \said\Bureau\code of single valued ne... 


enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 


no of vertex:4 
€T.1,F>menbership values of 
€T.1,F)menbership values of 
€T.1,F)menbership values of 
€T.1,F>menbership values of 
the edges “x to yori 2 
€T.1.F membership values of 
the edges “x to yori? 3 
€T.1,F>membership values of 
the edges “x to yoi5 4 
€T.1,F>membership values of 
the edges “x to yoi4 1 
€T.1,F)membership values of 


vertex:8. 
vertex:8. 
vertex :8. 
vertex:8. 


edge -4.4 
edge =:4.4 
edge -4.4 
edge -4.4 


4 
4 
4 
4 
4. 
8. 
8. 
A. 


2 
i ' i} ' 


i 

i} ' i} i 

oe ee ee | 
' ' i} ' 


edge 
edge 
edge 
edge 
edge 
edge 
edge 
edge 
edge 


A ee ee 


(0.3, 0.6) 


nembership 
nembership 
nenbership 
nembership 
nembership 
nembership 
nembership 
nembership 
nembership 


value= 
value= 
value= 
value= 
value= 
value= 
value= 
value= 
value= 


4.480008 
4.180008 
4.400008 
4.400008 
4.488008 
4. HHHHH8 
4.186888 
4. AHHH 
4. HHH 


Example 3 Consider an uniform intuitionistic 
graph as shown in Fig.7 


(0.3 . 0.6) 





fuzzy 


enter the edges ‘x to yoid 2 

enter ¢(T,1,F3membership values of edge: 0.4 0.2 8.3 

enter the edges (x to yot1 3 

enter ¢T.1,F)membership values of edge:8.4 8.2 6.3 
complement of Single valued neutrosophic graphs is: 

2 edge membership value= 4.640008 A.4HKHRRRE 4. HRRHRE 
edge membership value= 6.800008 8.666066 6.666HHH 
edge membership value= 6.660000 4.666000 4. HHH 
edge membership value= 6.460008 4.4HKHHRHH 4. HRRHRE 
edge membership value= 4.800008 8.606060 6.6H6HHH 
edge membership value= 6.660000 4.666600 4.HHHHHH 
edge membership value= 6.660000 4.4HHHHHH 4. HHH 
edge membership value= 6.860008 8.606060 6.66HHH 
edge membership value= 4.800008 8.800000 4.6HHHHHH 





(0.3, 0.6) 


Fig. 5. The outputs 


(0.3 , 0.6) (0.3, 0.6) 
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Fig.7. Uniform Intuitionistic fuzzy graph 


Using the above pseudo code, the output result for the 
complement of uniform intuitionistic fuzzy graph is as fol- 


lows 


enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 
enter 


no of 
€T,F> 
€T,F> 
€T,F> 
€T,F> 


Vertex 
values 
values 
values 
values 


the edges ¢x 


<T,F> 


values 


the edges «x 


<T,F> 


values 


the edges «x 


<T,F> 


values 


the edges ‘(x 
€T.F> 


values 


the edges ‘¢x 


<T,F> 


values 


the edges «x 


<T,F> 


values 


mnenbership values of complement 


edge 
edge 
edge 
edge 
edge 
edge 
edge 
edge 
edge 


A ee en el 


nemnbership 
nembership 
nenbers hip 
nenbership 
nenbership 
nemnbers hip 
nenbers hip 
nemnbership 
nenbership 


value= 
value= 
value= 
value= 
value= 
value= 
value= 
value= 
value= 


e\ C:\Documents and Settings\said\Bureau\dey article... [= 


of IFG are: 
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[13] 
VI. CONCLUSION 
In this paper, we propose a new uniform single va- [14] 
lued neutrosophic graph and an algorithm for computing 
its complement. Some theorems of the uniform single va- 
lued neutrosophic graph have been examined. The algo- 
rithm in this research also enables us to compute the com- 
plement of uniform single valued neutrosophic graph. In 
the future, we plan to extended this algorithm for compu- 
ting the complement of others variants of single valued 
neutrosophic graphs. 
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#include<stdio.h> 

#include<conio.h> 

#define max 100 

typedef struct { 

float 
Truth_membership,Indterminate_membership,False_mem 
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element[max][max],compliment[max][max|];//element sto- 
re the membership value of vertex.Compliment store the 
value of complimented graph. 

int vertex;//store total number of vertex. 
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Please enter no of vertex to vertex 






False 





IF 
i<vertex*(vertex-1)/2 








“ Please enter (T,1,-) Membership values of edge to 


truth_membership,interminate_membership, falss_membership 


of origin-1,destiny-1 position of element 
Please enter the edgs(x to y) to origin and destiny a me 


o bi 
True 





















Te 
j=0 
truth_membership of destiny-1 , origin-1 of element=true_membership of 
origin-1, destiny-1 of element 
false_membership of destiny-1,origin-1 of element=false_membership of 
origin-1,destiny-1 of element 
indterminate_membership of destiny-1,origin-L of element=indterminate_memnership FAY SE 
‘ of origin-1,destiny-1 of element 
Please enter(T,1,F) membership value of vertex to Bagi varie 
i,0 position of vertex_membership oa pie z 
i,1 position of vertex_membership Ala Pt 
i,2 position of vertex_membership sc Sg i 
origin = destiny True 







True 





IF 
i and j 
are equal 





IF 
truth_membership+false_membership+ 
indeterminate_membership of origin-1, 
destiny-1 of element >3 


Error invalid input 





IF 
i,0 + i,1 + i,2 position of vertex_membership>=3 and 
i,0 position of vertex_membership<=3 and 
i,1 position not 0 and i,2 position not 0 


mimimum=mimimum(i,0 and j,0 position of vertex_membership) 
maximum=maximum(i,1 and j,1 position of vertex_membership) 
maximuma=maximum(i,2 and j,2 position of vertex_membership) 


truth_membership of i,j position of compliment=mimimum- 
truth_membership of i,j position of element 


Error invalid input 


indterminate_membership of i,j postion of compliment=maximum- 
indterminate_membership of i,j position of element 
false_membership of i,j position of compliment=maximuma- 
false_membership of i,j position of element 
J=}+1 





Error invalid input 





print truth_membership,indeterminate,false_membership 
of i,j position of compliment 
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float vertex_membership[max][6];//store membership va- 
lue of vertex. 
void input() 
{ 
int 1,or1gin,destiny;//origin & destiny store the no. of ver- 
tex.And 1 for iteration. 

printf(""Please enter no of vertex:"); 

scanf("%d" ,&vertex); 

forG=0;i<vertex;1++) 

{ 

printf("Please enter (T,I,F)menbership values of 
vertex:"); 

scanf("Yf%f%f" ,a&evertex_membership[1][0],a&ver 
tex_membership[1][1],4&vertex_membership[1][2|);//store 
the membership value of vertex 

if(vertex_membership|[1i][0]+vertex_membership|[1i 
][1]+vertex_membership[i][2]>=3 &&(vertex_membership 
[1][0]<=3&&vertex_membership[1][1]&&vertex_members 
hip[i}[2])) 

{ 

printf("Error Invalid input\n"); 

I--; 

} 

} 

fora=0;1<vertex*(vertex-1)/2;1++) 

{ 

printf(""Please enter the edges (x to y):"); 

scanf("%d%d" ,&origin,&destiny); 


if(origin>vertex||destiny>vertex||origin<=O||destin 
y<=0||destiny==origin) 
{ 
printf("Error! Invalid input\n"); 
i--; 


else 

{ 

printf(""Please enter (T,I,F)membership values of 
edge:"); 
scanf("%f%f%f" ,&element[origin-1 |[destiny- 
1 ].Truth_membership, &element[origin-1 ][destiny- 
] |. Indterminate_membership,&element[origin-1 ][destiny- 
1].False_membership);//store th membership value of ed- 


ge 
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1].Truth_membership;//store the truth-membership value 
of edge. 

element[destiny-1 ][origin- 

1]. Indterminate_membership=element[origin-1 |[destiny- 
1].Indterminate_membership;//store the —indterminate- 
membership value of edge. 

element[destiny-1 ][origin- 

1 |.False_membership=element[origin-1 ][destiny- 
1].False_membership;//store the False-membership value 
of edge. 

if(element[origin-1 |[destiny- 

1 ].Truth_membership+element[origin-1 |[destiny- 

1 |. Indterminate_membership+element[origin-1 |[destiny- 
1].False_membership>3)//store the membership value of 
edge. 

{ 

printf("Error! Invalid input\n"); 

i--5 


} 
void output() 


{ 

int 1,J; 

float maximum,minimum,maximuma; 

printf("The complement of Single valued neutro- 
sophic graphs is:\n"); 

for(i=0;1<vertex;i++) 


{ 

for(j=0;j<vertex;j++) 
{ 

ifG==J) 

jr; 


if(vertex_membership|[1i][0]>vertex_membership[j][0]) 
minimum=vertex_membership[j][0|;//find minimum value 
between two vertex. 

else 

minimum=vertex_membership[1][0];//find minimum value 
between two vertex. 

if(vertex_membership[1][ 1 ]>vertex_membership|[j][1]) 
maximum=vertex_membership[1][1|;//find maximum va- 
lue between two vertex. 

else 

maximum=vertex_membership[j][1];//find maximum _ va- 
lue between two vertex. 
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if(vertex_membership[1i][2]>vertex_membership|[j][2]) j++; 
maximuma=vertex_membership[1i][2];//find maximum va- printf("%d - %d edge membership value= “%f “%f %f 
lue between two vertex. \n",i+1,j+1,compliment[1][j].Truth_membership,complime 
else nt[i][j].Indterminate_membership,compliment{[1][j].False_ 
maximuma=vertex_membership[j][2];//find maximum va- membership);//printing complimented graph. 
lue between two vertex. \ 
compliment[i][j].Truth_membership=minimum- \ 
element[i][j].Truth_membership;//calculating compliment. } 
compliment[i][j].Indterminate_membership=maximum- void main() 
element[1i][j].Indterminate_membership;//calculating { 
compliment. input(); 
compliment[i][j].False_membership=maximuma- output(); 
element[i][j].False_membership;//calculating compliment. getch(); 
} } 
} 

fora=0;1<vertex-1;i++) 
{ 

for(=0;j<vertex;j++) 
{ 


if(i==]) Received: July 20, 2017. Accepted: August 8, 2017. 
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1. Introduction. 


The first successful attempt towards incorporating 
non-probabilistic uncertainty, 1.e. uncertainty which 
is not caused by randomness of an event, into 
mathematical modelling was made in 1965 by L. A. 
Zadeh [20] through his remarkable theory on fuzzy 
sets (FST). A fuzzy set is a set where each element 
of the universe belongs to it but with some ‘grade’ 
or ‘degree of belongingness’ which lies between 0 
and 1 and such grades are called membership value 
of an element in that set. This gradation concept 1s 
very well suited for applications involving imprecise 
data such as natural language processing or in 
artificial intelligence, handwriting and speech 
recognition etc. Although Fuzzy set theory is very 
successful in handling uncertainties arising from 
vagueness or partial belongingness of an element in 
a set, it cannot model all sorts of uncertainties 
prevailing in different real physical situations 
specially problems involving — incomplete 
information. Further generalization of this fuzzy set 
was made by K. Atanassov [1] in 1986, which is 
known as Intuitionistic fuzzy set (IFS). In IFS, 
instead of one ‘membership grade’, there is also a 
‘non-membership grade’ attached with each 
element. Furthermore there is a restriction that the 
sum of these two grades is less or equal to unity. In 
IFS the ‘degree of non-belongingness’ is not 
independent but it 1s dependent on the ‘degree of 
belongingness’. A fuzzy set can be considered as a 
special case of IFS where the ‘degree of non- 
belongingness’ of an element is exactly equal to ‘one 


minus the degree of belongingness’. Intuitionistic 
fuzzy sets definitely have the ability to handle 
imprecise data of both complete and incomplete in 
nature. In applications like expert systems, belief 
systems, information fusion etc., where ‘degree of 
non-belongingness’ is equally important as ‘degree 
of belongingness’, intuitionistic fuzzy sets are quite 
useful. There are of course several other 
generalizations of Fuzzy as well as Intuitionistic 
fuzzy sets like L-fuzzy sets and intuitionistic L- 
fuzzy sets, interval valued fuzzy and intuitionistic 
fuzzy sets etc that have been developed and applied 
in solving many practical physical problems [2, 5, 6, 
16]. In 1999, a new theory has been 
introduced by Florentin Smarandache [14] which is 
known as ‘Neutrosophic logic’. It is a logic in which 
each proposition is estimated to have a degree of 
truth (T), a degree of indeterminacy (I) and a degree 
of falsity (F). A Neutrosophic set is a set where each 
element of the universe has a degree of truth, 
indeterminacy and falsity respectively and which 
lies between [0°, 1°], the non-standard unit interval. 
Unlike in intuitionistic fuzzy sets, where the 
incorporated uncertainty is dependent on the degree 
of belongingness and degree of non belongingness, 
here the uncertainty present, 1.e. the indeterminacy 
factor, is independent of truth and falsity values. 
Neutrosophic sets are indeed more general in nature 
than IFS as there are no constraints between the 
‘degree of truth’, ‘degree of indeterminacy’ and 
‘degree of falsity’. All these degrees can 
individually vary within [0, 1°]. 
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Smarandache [14] and Wang et. al. [17] introduced 
an instance of neutrosophic set known as single 
valued neutrosophic sets which were motivated from 
the practical point of view and that can be used in 
real scientific and engineering applications. Here the 
degree of truth, indeterminacy and falsity of any 
element of a neutrosophic set respectively lies 
within standard unit interval [0, 1]. The single 
valued neutrosophic set is a generalization of 
classical set, fuzzy set, intuitionistic fuzzy set and 
paraconsistant sets etc. 


The organization of the rest of this paper is as 
follows: Some basic definitions and operations on 
SVNS are given in section 2. Section 3 discusses the 
notion of entropy of SVNS as defined in [10]. In 
section 4, some problems with the earlier definition 
of entropy have been pointed out using 
counterexample. A new definition of entropy of 
SVNS has been given in section 5. Section 6 
concludes the paper. 


2. Single Valued Neutrosophic sets. 


A single valued neutrosophic set has been defined in 
[17] as follows: 


Definition 2.1 Let X be a universal set. A 
Neutrosophic set A in X is characterized by a truth- 


membership function f,, a  indeterminacy- 
membership function 7, and a falsity-membership 
function f,, *%: (x).i,0¢). fl) > :X —>[0,1], are 
functions and <t,(x),1,(x), f,(*) is a single 


valued neutrosophic element or simply a 
neutrosophic element of A. 


A single valued neutrosophic set A (SVNS in short) 
over a finite universe X = {X,,X,,X3,....,X,} is 


represented as 


n 


X 


A=) ——___41——_. 
i=l S Uy (x; ), L, (x; ), ta (x;) 


Example 2.2 Assume that X = {x,,x,,x;}, where 
X, 1S capacity, xX, is trustworthiness and, x, is 
price of a machine, be the universal set. The values 
of X,,X,,X, are in [0, 1]. They are obtained from the 


questionnaire of some domain experts, their option 
could be a degree of “good service”, a degree of 
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indeterminacy and a degree of “poor service”. A is 


a single valued Neutrosophic set of X defined by 


g—_2+0.3,04,05>- _,<0.5,0.2,0.3 > 
7 , ty 
rh iat rat 


The following is a graphical representation of a 
single valued neutrosophic set. The elements of 
a single valued neutrosophic set, denoted 
henceforth by a neutrosophic element x(t,1,f), 
always remain inside and on a closed unit cube 
which henceforth will be called a neutrosophic 
cube. Figure 1 describes a neutrosophic cube. 


(1,1,0) 






(0,1,1) a neutrosophic element 





(1,0,1) 


Neutrosophic cube (single valued Neutrosophic Set) 
Figure | 


Next we give the definitions of complement and 
containment as follows: 


Definition 2.3 The complement of a SVNS A is 
denoted by A° and is. defined by 
te) = fy: i) =1-1,@) 
& f .)=t,) Vx er. 


Definition 2.4 A SVNS A is contained in the other 
SVNS 6B, denoted as AC B, if and only if 


t (x) S tg(x)2iy (x) S ig) 


& f (x)= f(x) Vee XY. 


Two sets will be equal, ic. A=B, iff 
ACB&BCA. 


Let us denote the collection of all SVNS over the 
universe X as N(X ). 
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Several operations like union and intersection has 
been defined on SVN sets and they satisfy most of 
the common algebraic properties of ordinary sets. 


Definition 2.5 The union of two SVNS A & Bisa 
SVNS C,writtenasC =AWB, which is 


defined as follows: 


t.(x) = max(t,(x),t,(x));i fe) = max(i,(0).ip(29) 


& f(x) =min( f(x), fy(x)) Vx e X. 


Definition 2.6 The intersection of two SVNS 
A&B is a SVNS C, writtenasC =AQNB, 


which is defined as follows: 


t.(x) = min(t,(x),t,(X)); ie() = min(t, (0). ig(2)) 
& f(x) = max(f, (x), fg(x)) Vx € X. 


For practical purpose, throughout the rest of this 
chapter, we have considered only SVNS over a finite 
universe. 


Next two operators, namely ‘truth favourite’ and 
defined to 
indeterminacy in the SVNS and transform it into an 


‘falsity favourite’ are remove 


IFS or a paraconsistant set. 


Definition 2.7 The truth favourite of a SVNS 4 is 
again a SVNS B written as B= AA, which is 


defined as follows: 
T,(x)=min(T ,(x)+J,(x),1) 
I(x) — 0 
F(x) = F(x), Vxe X. 


Definition 2.8 The falsity favourite of aSVNS A 
is again a SVNS B written as B= VA, which is 


defined as follows: 
Tp(x)=T,(0) 
1, (x) =0 
F(x) =min(F, (x) +7,(x), 1), Vx € X. 


The next two examples of truth & falsity favourite 
respectively of two given SVNS: 


Example 2.9 Here the SVNS is A and the truth and 
falsity favourite sets are defined as follows: 
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4-79.30.105>  <0.5,0.2,0.3> 
: x X 
<4 a’ —_ 

X,° 


B=Ad=* 04,0.0,0.3>/ .<0.7,0.0,0.3> 
Xy xX 


<0.6,0.0,0.2>/ 3 


= 
- 


Cava ~ 03.00, 0.6 > , «<05,0.0,05 > 
=U d= . a 
<= 0.4,0.0,0.4> 
Xz 


Here both B and C are IFS. 


Example 2.10 Again consider the neutrosophic set 


A given in example 2.2, then 


B=A4=< nn .< cites 4 
x, a 


= nn awd 


C=v4=-< acanaat | Pa nen 
ae | ~w2 


6 amen” | 
se. 


Here both B and C are paraconsistant sets. 


3. Entropy of Single Valued Neutrosophic sets. 


Entropy can be considered as a measure of 
uncertainty about the information contained by a set. 
Generally crisp sets do not possess any entropy 
because there is no uncertainty about its members. 
But other non-crisp sets like fuzzy, intuitionistic 
fuzzy or vague etc, every set contain uncertain 
information of different types and hence there exits 
entropy for them. Here the SVNS are also capable of 
handling uncertain data, therefore as a natural 
consequence we are also interested in finding the 
entropy of a single valued neutrosophic set. 
Shannon [13] first introduced the notion of 
Probabilistic entropy. Shannon entropy has many 
applications in theory of communications. Entropy 
as a measure of fuzziness was first mentioned by 
Zadeh [21] in 1968. Later De Luca-Termini [4] 
axiomatized the non-probabilistic entropy. 
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(DT1) E(A) = 0iff Ae 2* 

(DT 2)E(A) =1iff u,(x) =0.5,Vx EX 

(DT3)E(A) < E(B)iff Aisless fuzzy than B, 
27 AAs) Asa vee. Gi) 
or if tL, (x) = LM, (x) 2 0.5, Vx €X. 

(DT4)E(A‘) = E(A). 


Several other authors have investigated the notion of 
entropy. Kaufmann [7] proposed a distance based 
measure of fuzzy entropy; Yager [18, 19] gave 
another view of entropy or the degree of fuzziness 
of any fuzzy set in terms of lack of distinction 
between the fuzzy set and its complement. Kosko [8] 
investigated the fuzzy entropy in relation to a 
measure of subset hood. Szmidt & Kacprzyk [15] 
studied the entropy of intuitionistic fuzzy sets etc. 
Several applications of fuzzy entropy in solving 
many practical problems like image processing, 
inventory, economics can be found in literatures [3, 
11, 12]. In [9, 10] the notion of entropy of single 
valued neutrosophic sets was first introduced. The 
following definition of entropy of a SVNS is due to 
[10]: 

According to them the entropy E of a fuzzy set A 
should satisfy the following axioms: 


Definition 3.3 Here in case of SVNS also we 


introduce the entropy as a function 
E,,:N(X)— [0,1] which satisfies the 


following axioms: 

(1)E, (A) =0 ifA is acrisp set 

(ii)E, (A) = 1 if 

(t,(x),i,(x), f,(%)) = (0.5, 0.5,0.5)Vx € X 
(777) E,.(4)2 £,(8)if Aismore 
uncertain than 5 


Le. t4(x)+ fal) Sty(c)+ fe(x) 


and |i ,(x)-i, (x)| = is i, (x) (3.2) 





Now notice that in a SVNS the presence of 
uncertainty is due to two factors, firstly due to the 
partial belongingness and partial non-belongingness 
and secondly due to the indeterminacy factor. 
Considering these two factors, an entropy function 
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E,, for a single valued neutrosophic sets A was 


proposed and it is defined as follows: 





F(A) =1 - 
; » (t,(x;) + fi(%))) lin) =i (x; )| 3.3) 


Proposition 3.4 £, satisfies all the axioms given in 


definition 3.3. 


Example 3.5 Let X = {a,b,c,d} be the universe 


and A be a single valued neutrosophic set in X 
defined as follows: 


a b 

<0.5,0.2,0.9> <0.8,0.4,0.2>° 
C d 

< 0.3,0.8,0.7> <0.6,0.3,0.5> 


A={ 


Then the entropy of A will be 
FE, (A) =1-—0.52 = 0.48. 


4. Problems with the earlier definition. 


In this section we point out some problems with the 
earlier definition of entropy given in [10]. 


Problem 4.1: The entropy function E; defined in 
equation 3.3 is not a correct entropy function. 
Especially it may not lie in [0, 1]. 


The following example satisfies the claim: 


Example 4.2 A counter example: 


In the following example we will show that £, is 


not always an entropy function for all SVN sets. 
Let X ={a,b} be the universe and_ let 
ee a a 
(1.0,0.01,1.0) (1.0,0.02,1.0) 
SVNS, then 

E. =1-5.(2x0,98-+2x0.96) 
=]-—1.94=—-0.94<0, whichis undesirable. 


This definition holds only if 14(¢)+ f,(x) 21 
holds. 
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The figure 2 shows that actually the half cubic 
portion ABODEGBA, left of the yellow plane of the 
‘neutrosophic cubic’ where formula E; given in 
equation 3.3 holds. But for the other half cube 1t may 
not hold true as described above. 


neutrosophic cube 


Figure 2 


Problem 4.3: In definition 3.1, the most uncertain 


case 1s assumed to be (0.5, 0.5, 0.5) 

which is not necessarily true. Rather (0.5, 1, 0.5) is 
more uncertain case as here the indeterminacy factor 
‘1’ has the maximum value. Also (1, 1, 1) 1s far more 
uncertain than (0.5, 0.5, 0.5). 


More generally speaking the area indicated by pink 
colour in the neutrosophic cube is the place where 
lies the most uncertain cases. We further assume that 
the points D,G,F,E,J are the most uncertain 
neutrosophic elements because there indeterminacy 
is 1 and truth and falsities are also extreme. No other 
point in pink region can have higher uncertainty 
value. 





Cc 
(0,1,0) f 


Figure 3 
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Problem 4.4 In case of neutrosophic sets or single 
valued neutrosophic sets, the degree of 
indeterminacy (1) of any neutrosophic element x in 
its complement set is defined as 1-1. This does not 
seem to be very reasonable. The degree of 
indeterminacy in the original set and its complement 
should be same because both bears the same amount 
of uncertainty. Also neutrosophic sets are 
generalizations of intuitionistic fuzzy sets. There the 
amount of uncertainty for any IF set A is measured 
as Ta=1-ta-fa. Then ma°=1- fa° -ta® and hence a= 
ma°. Neutrosophic sets are generalizations of IF sets 
so accordingly here also 1 = 1° should hold. Therefore 
we represent a new definition of complement of a 
SVNS as follows: 


Definition 4.5 The complement of a SVNS A is 
denoted by A° and is’ defined by 


(= Sys 1.0) =i) 
& f(x) =t,(0 Yxe X. 


Then A will satisfy involutive law :(A‘)° = A. 


Although we have to sacrifice De’ Morgans Law in 
this case. 


Considering the above problems, we propose a new 
modified definition of entropy of single valued 


neutrosophic sets in the next section. 


5. New modified definition of Entropy of 
Neutrosophic Sets 

In this section we present a modified definition of 
entropy for neutrosophic sets. But before that we 
have to introduce two new definitions, namely 


‘intuitionistic uncertainty’ and ‘more uncertain’ 
SVNS. 


Definition 5.1. For any _ neutrosophic _ set 


n 


X; 
- i=l < t,(x;),t,(%), f(%) > 


Intuitionistic uncertainty of any neutrosophic 
element <?,(x),i,(%), f,(% = is defined as: 


the 


rr, (x) =5x(2-1,(0)-f (x)), Vxe xX. 
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Then for the whole SVNS A the intuitionistic 


uncertainty will be defined as 
N 1 N 
it 4 =— > 77 (%). 
LX xjEX 


Note that intuitionistic uncertainty satisfies the 


following properties: 


(i)0< 77. (x), 77, Sland (ii) 77. = 77’. 


But for neutrosophic elements’ of 


type 
<0.5,1,(x),0.5 >, rr. (x) # | which is natural 
as in SVNS the uncertainty depends on both 


r(x) and 1,(x). 


Consider the SVNS given in example 2.2, here 
N N N 
Ts (%)=0.6, 70 (%))=0.6, go (43) = 0.55 


wie Tis a ~ 0.583. 


Example 5.2 Consider the examples 2.9 and 2.10. In 
the first example 1. = 0.633 but 


2 (2-t-f) 1 11+1+12, 
3 7 i @ 





=O = i ge - 


In the later example 1. =~ 0.583 but 


§+1+ 
ns a a ar 


} 


tg 


So we can also see that the Intuitionistic uncertainty 
of truth favourite and falsity favourite sets of a 


SVNS are same because the value of (2 —t, — fi) 


is same for every element in_ each set 
AA and VA, but it’s different (uncertainty 


decreased) with the original SVNS A. 


Definition 5.3 A SVNS A is said to be more 
uncertain than another SVNS #6, denoted as 


A < B, if and only if 


ie. if AN(x)2 a(x), or 400+ Fy) St,(0)+ falO 


and i (x) > ip(x), Wx eX. 


25) 


Example 5.4 Consider the following two SVNS’s A 
and B defined as follows: 


A=~ 930.8 0.5 (A ,<02, aad 2 
Ay X, 
0.70.6, -. | 


B=< i aaa a senate’ J 
x X5 


rs nian’ A | 
x; 


Then 








x 

and 
Le 0.9 0.5 
X; 1.1 0.3 


Therefore here A is more uncertain than B, 
ie. A<B. 


Now we introduce a new definition of Entropy for 
SVNS: 


Definition 5.5 For any SVNS A we define entropy 
E,,: N(X)— [0,1] which 


satisfies the following axioms: 


as a function 


()E,(A)=0 if Ais a_ crisp set 
(2)E., (A) =1 for Vx, x € neutrosophic 
elements D,E,F,G,J 


L.e.if (t,(x),1,(x), f,(%)) =J =(0.5,1.0,0.5)Vx eX, 
or F =(1,1,1)Vx € X or D=(0,1,0)Vx € X 
or G=(0,1,1)Vx € X or E =(1,1,0)Vx € X 
(3)E,, (A) 2 Ey (B) if A more uncertain than 
B,te.if A<B. 
(4) £, (A) = & (AS)VA € NCX)......3.4) 
We can also classify entropy of SVNS’s 
into 4 classes namely type I - IV according to 


the point for which we get maximum entropy 
value. 
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Example 5.6 Considering these two factors we 


propose an entropy measure L, of a single valued 


neutrosophic sets A as follows: 


(i) E(x) = Mint, (2-t, — f,)i.3,xEA 








and E,(A) =e eeeeesaeeeee ones (3.18) 
(ii) E(x) = = fll-1, —f|+i},xeEA 
and E,(A) =e betaine: (3.19) 





(iii) E(x) = 52 —t.-f,)i,.)xEA 





and E,(A = x |) Cn ee (3.20) 
(iv) E(x) =(2-t, -f,)4,.,x EA 
and E,(A) = 7 Di ae (3.21) 





Here E,(A) is an entropy function for any SVNS A 
of Type I, Ex(A)is of Type II, E3(A)is of Type III and 
E4(A) is an entropy function for any SVNS A of 


Type IV respectively. 


Example 5.7 Consider the example 2.2. In this case 
we have 


E,(A) = E,(A) = 0.31, E,(A) = 0.22, E,(A) = 0.16. 


So average entropy 1s {> (A) =0.25. 


6. Conclusion: 


In this paper we have introduced a new modified 
definition of entropy of SVNS which 1s significantly 
different from earlier definition of entropy for 
SVNS. 


This definition is more logical than the earlier and 
radically different in nature due to the introduction 
of new concepts like ‘intuitionistic uncertainty’ of a 
SVNS, ‘more uncertain SVNs’, ‘most uncertain 
SVNs’ etc. 


Here we have also introduced four different types of 
entropy functions which are more general in nature 
and free from the anomalies present in the earlier 
entropy function. 
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One can further study the applications of these 
entropy functions in solving several decision making 
problems. 


Acknowledgement: The author is thankful to the 
reviewers and editors for their constructive remarks. 


References: 


1. K. Atanassov, Intuitionistic Fuzzy Sets, Fuzzy 
Sets and Systems, 20 (1986), 87-96 


2. K. Atanassov, S. Stoeva, Intuitionistic L fuzzy 
sets, Cybernetics and System research, 2(1984), 
539-540. 


3. C. C. Cheng, K.H. Liao, Parameter optimization 
based on entropy weight and triangular fuzzy 
number, International Journal of Engineering and 
Industries, 2(2) (2011), 62-75 


4. A. De Luca, S. Termini (1972), A definition of a 
non-probabilistic entropy in the setting of fuzzy sets 
theory, Information and Control, 20 (2011), 301- 
312. 


5. J. A. Goguen, L-fuzzy sets, Journal of 
Mathematical Analysis and Applications, 18 (1963), 
145-174. 


6. Y. Jiang, Y. Tang, Q. Chen, H. Liu, Interval- 
valued intuitionistic fuzzy soft sets and _ their 
properties, Computers and Mathematics with 
Applications, 60(3) (2010), 906-918. 


7. A. Kaufmann, Introduction to the theory of Fuzzy 
Subsets-Vol 1: Fundamental Theoretical 
Elements, Academic Press, New York (1975). 


8. B. Kosoko, Fuzzy entropy and conditioning, 
Information Sciences, 40 (2) (1986), 165-174 


9. P. Majumdar, A Study of Several types of sets 
expressing uncertainty and some applications on 
them, Ph.D. Thesis, Visva-Bharati Univ., India 
(2013). 

10. P. Majumdar, S.K. Samanta, On similarity and 
entropy of Neutrosophic sets, Journal of Intelligent 
and Fuzzy Systems, 26(2014), 1245-1252 


Il. N.R. Pal, J.C. Bezdek, measuring fuzzy 
uncertainty, IEEE Trans. Fuzzy Syst., 2, 2(1994), 
107-118. 


12. E. Pasha, Fuzzy entropy as cost function in 
image processing, Proc. of the 2 IMT- GT regional 
conf. on math., Stat. and appl., Universiti Sains 
Malaysia, Penang (2006). 


13. C.E. Shannon, A Mathematical theory of 
communication, Bell Syst. Tech. Jour., 27 (1948), 
379-423 

14. F. Smarandache, F., A Unifying Field in Logics. 
Neutrosophy: Neutrosophic Probability,Set and 
Logic. Rehoboth: American Research Press (1999). 

15. E. Szmidt, J. Kacprzyk, Entropy for intuitionistic 
fuzzy sets, Fuzzy Sets and systems, 118(2001), 467- 
477. 


Pinaki Majumdar. On New Measures of Uncertainty for Neutrosophic Sets 


Neutrosophic Sets and Systems, Vol. 17, 2017 


16. I. Tuskan, Interval valued fuzzy sets based on 
normal forms, Fuzzy sets and systems, 20(1986), 
191-210. 


17. H. Wang, F. Smarandache, Zhang, Y., 
Sunderraman, R., Single valued neutrosophic sets, 
Proc. Of 10" Int. conf. on Fuzzy Theory & 
Technology, Salt Lake City,Utah (2005). 


18. R.R. Yagar, On the measure of fuzziness and 
negation, Part I: Membership in the unit interval, 
International Journal of General Systems, 5(1979), 
189-200. 


19. R.R. Yagar, On the measure of fuzziness and 
negation, Part II: Lattices, information and control, 
44(1980), 236-260. 

20. L.A. Zadeh, Fuzzy Sets, Information and 
Control, 8(1965), 338-353. 

21. L.A. Zadeh, Probability measures of fuzzy 
events, Jour. Math. Anal. and Appl., 23(1968), 
421-427. 


Pinaki Majumdar. On New Measures of Uncertainty for Neutrosophic Sets 


22; 


2: 


24. 


25. 


65. 


Abdel-Basset, M., Mohamed, M., & Sangaiah, A. K. (2017). 
Neutrosophic AHP-Delphi Group decision making model 
based on trapezoidal neutrosophic numbers. Journal of 
Ambient Intelligence and Humanized Computing, 1- 
17. https://doi.org/10.1007/s12652-017-0548-7 

Abdel-Basset, M., Mohamed, M., Hussien, A. N., & Sangaiah, 
A. K. (2017). A novel group decision-making model based on 
triangular neutrosophic numbers. Soft Computing, 1-15. 
http://doi.org/10.1007/s00500-017-2758-5 

F. Smarandache, M. Ali, Neutrosophic Triplet as extension of 
Matter Plasma, Unmatter Plasma, and Antimatter Plasma, 
69th Annual Gaseous Electronics Conference, Bochum, 
Germany, October 10-14, 2016, 
http://meetings.aps.org/Meeting/GEC 16/Session/HT6. 112 

F. Smarandache, Neutrosophic Perspectives: Triplets, 
Duplets, Multisets, Hybrid Operators, Modal Logic, Hedge 
Algebras. And Applications. Pons Editions, Bruxelles, 325 p., 
2017. 

Topal, S. and Oner, T. Contrastings on Textual Entailmentness 
and Algorithms of Syllogistic Logics, Journal of Mathematical 
Sciences, Volume 2, Number 4, April 2015, pp 185-189. 


Received: July 24, 2017. Accepted: August 11, 2017. 


af 


Neutrosophic Sets and Systems, Vol. 17, 2017 


“NSS 


University of New Mexico ~-_ 


A framework for PEST analysis based on neutrosophic 
cognitive map: case study in a vertical farming initiative 


Wilmer Ortiz Choez', Marcos Quinteros Cortazar 2, Shirley Huerta Cruz *, Katiuska Rubira Carvache* 


‘Universidad de Guayaquil, Facultad de Comunicacion Social, Guayaquil Ecuador. E-mail: wilmer.ortizc@ug.edu.ec 


"Universidad Catdélica de Cuenca, Extensién San Pablo de La Troncal,Cuenca Ecuador. E-mail: mpquinterosc@ucacue.edu.ec 


>Universidad Metropolitana, Escuela Politécnica del Litoral, Guayaquil Ecuador. E-mail: shuerta@umet.edu.ec 


*Universidad de Guayaquil, Facultad de Ingenieria Quimica, Guayaquil Ecuador. E-mail: katiuska.rubirac@ug.edu.ec 


Abstract. 


Recently, neutrosophic cognitive maps and its 
application in decision making have become a topic 
of great importance for researchers and practitioners 
alike. In this paper, a new model PEST analysis is 
presented based on neutrosophic cognitive maps 
static analysis. The proposed framework is com- 
posed of five activities, identifying PEST factors and 
sub-factors, modelling interrelation among PEST 


factors, calculate centrality measures, factor classi- 
fication, and factors ranking. A case study devel- 
oped in environment analysis for a vertical farming 
project was presented, ranking factor based in inter- 
relation and incorporating indeterminacy in the anal- 
ysis. Further works will concentrate extending the 
model for incorporating scenario analysis. 


Keywords: PEST, Neutrosophy, Neutrosophic Cognitive Maps, Static Analysis, Vertical Farming. 


1. Introduction 


PEST (Political, Economic, Social and Technological), is 
used to assess these four external factors in relation to busi- 
ness situation [1]. When environment and legal factors are 
included it is name PESTEL (Political, Economic, Socio- 
cultural, Technological, Environment and Legal) analysis 
[2]. PEST analysis lacks a quantitative approach to the 
measurement of interrelation among it factor is generally ig- 
nored. Neutrosophic sets and logic is a generalization of 
fuzzy set and logic based on neutrosophy [3]. 

Neutrosophy can handle indeterminate and inconsistent 
information, while fuzzy sets and intuitionistic fuzzy sets 
cannot describe them appropriately [4]. 

In this paper a new model PEST analysis based on neutro- 
sophic cognitive maps (NCM) [5] is presented giving meth- 
odological support and the possibility of dealing with inter- 
dependence, feedback and indeterminacy. This paper is 
structured as follows: Section 2 reviews some important 
concepts about PEST analysis framework and NCM. In Sec- 
tion 3, a framework for PEST analysis based on NCM static 
analysis is presented. Section 4 shows a case study of the 
proposed model applied to vertical farming project environ- 
ment analysis. The paper ends with conclusions and further 
work recommendations. 


2. Preliminaries 


In this section, we first provide a brief revision PEST anal- 
ysis and the interdependency of its factors. We then provide 
a review of the foundations of NCM. 


2.1 PESTEL Analysis 

PEST (Political, Economic, Social and Technological), 
analysis is a precondition analysis with the mains function 
of the identification of the environment within which the 
company or project operates and providing data and infor- 
mation that will enable the organization predictions of new 
situations and circumstances [6, 7]. 

PEST analysis in the original formulation lack a quantita- 
tive approach to measurement and the analyzed factors are 
generally measured and evaluated independently [2]. 

PEST have a hierarchical structure of objective, factor and 
sub-factor (Figure 1). 

In [2] a proposal from analysis PEST in a multicriteria en- 
vironment is presented, but only interdependency among 
factor is analysis. 

Additionally, factors and sub-factor have ambiguity, 
vagueness and indeterminacy in their structure. 


Wilmer Ortiz Choez, Marcos Quinteros Cortazar, Shirley Huerta Cruz, Katiuska Rubira Carvache. A framework for PEST 
analysis based on neutrosophic cognitive map: case study in a vertical farming initiative 


58 





Neutrosophic Sets and Systems, Vol. 17, 2017 


finahysint 





macrennvirnment 


De oor or 


DS ES Ea 
mE Ee ae 
ee ee ee 


Fig. 1. The hierarchical model of PEST 
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This study presents a model to address problems encoun- 
tered in the measurement and evaluation process of PEST 
analysis taking into account interdependencies among sub- 
factors. The integrated structure of PESTEL sub-factors 
were modeled by NCM and quantitative analysis is devel- 
oped based on static analysis. 


2.2 Neutrosophic cognitive maps 


Neutrosophic Logic (NL) was introduced in 1995 as a 
generalization of the fuzzy logic, especially of the intuition- 
istic fuzzy logic [8]. A logical proposition P is characterized 
by three neutrosophic components: 


NL (P) =(T.LF) (1) 


where T is the degree of truth, F the degree of falsehood, 
and I the degree of indeterminacy. 

A neutrosophic matrix is a matrix where the elements a = 
(aj) have been replaced by elements in (RU I), where 
(R U J) is the neutrosophic integer ring [9].A neutrosophic 
graph is a graph in which at least one edge is a neutrosophic 
edge [10]. If indeterminacy is introduced in cognitive map- 
ping it is called Neutrosophic Cognitive Map (NCM) [11]. 

NCM are based on neutrosophic logic to represent uncer- 
tainty and indeterminacy in cognitive maps [3]. A NCM is 
a directed graph in which at least one edge is an indeterm1- 
nacy denoted by dotted lines [12] (Figure 2.). 






0.4 0.9 


Fig. 2. Fuzzy Neutrosophic Cognitive Maps example. 


In [13] a static analysis of mental model in the form of 
NCM is presented. The result of the static analysis result 1s 
in the form of neutrosophic numbers (at+bI, where I = inde- 
terminacy) [14]. Finally a deneutrosophication process as 
proposes by Salmeron and Smarandache [15] is applied to 
given the final ranking value. In this paper this model is ex- 
tended and detailed to deal with factor classification and pri- 
oritization. 


3. Proposed Framework 


Our aim is to develop a framework PEST analysis based 
on NCM. The model consists of the following phases 
(graphically, Figure 3). 








Fig. 3. Proposed framework for PEST analysis. 


3.1 Identifying PEST factors and sub-factors 


In this step, the relevant PESTEL factors and sub-factors are 
identified. PESTEL factors are derived from the themes: po- 
litical, economic, socio-cultural, technological factors. 
Identifying PEST factors and sub-factors to form a hierar- 
chical structure of PESTEL model (Figure 1.) 


3.2 Modelling interdependencies 


Causal interdependencies among PEST sub-factors are 
modelled. This step consists of the formation of NCM of 
sub-factors, according to the views of the expert team. 
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3.3. Calculate centrality measures 


The following measures are calculated[16] with absolute 
values of the NCM adjacency matrix [17]: 


1. Outdegree od(v;) is the row sum of absolute val- 
ues of a variable in the neutrosophic adjacency ma- 
trix. It shows the cumulative strengths of connec- 
tions (c;;) exiting the variable. 


od(v;) = Viet Cij (2) 


2. Indegree id(v;) is the column sum of absolute val- 
ues of a variable. It shows the cumulative strength 
of variables entering the variable. 


id(v;) = Liks Si (3) 


3. Thecentrality (total degree td(v;)), of a variable is 
the summation of its indegree (in-arrows) and out- 
degree (out-arrows) 


td(v;) = od(y;) + id(y) (4) 


3.4 Factors classification 
Factors are classified according to the following rules: 


a) Transmitter variables have a positive or indetermi- 
nacy outdegree, od(v;) and zero indegree, id(v;). 


b) Receiver variables have a positive indegree or 1n- 
determinacy, id(v;)., and zero outdegree, od(v;). 


c) Ordinary variables have both a non-zero indegree 
and. Ordinary variables can be more or less a re- 
ceiver or transmitter variables, based on the ratio 
of their indegrees and outdegrees. 


3.5 Ranking Factors 


A de-neutrosophication process gives an interval number for 
centrality. This one is based on max-min values of I. A 
neutrosophic value is transformed in an interval with two 
values, the maximum and the minimum value € [0,1] . 


The contribution of a variable in a cognitive map can be un- 
derstood by calculating its degree centrality, which shows 
how connected the variable is to other variables and what 
the cumulative strength of these connections are. The me- 
dian of the extreme values [18] is used to give a centrality 
value : 


A([ay,a,]) = + (5) 


2 
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Then 


QAyt+ a2 b+ b2 


Ane ee = (6) 


Finally, a ranking of variables is given. The numerical value 
it used for factor prioritization and/or reduction [19]. 


4. Case Study 


Environmental concerns, including issues of ecological jus- 
tice, attention to sustainability, and focus on issues of food 
security have gathered increased momentum in vertical 
farming [20]. This case study is based in a vertical farming 
project proposal at the University of Guayaquil. 


In recent years, Guayaquil has become a city of cement with 
scarcity on green areas [21]. The main goal of the project 1s 
the optimization and use of spaces not suitable for cultiva- 
tion, such as walls and terraces; with systems of supports 
helping in the beautification of the environment and allow 
the planting of plants of distinct types obtaining a commer- 
cial harmony sustained in the environment. 


Initially factors and sub-factors were identified. Figure 3 
shows the hierarchical structure. 


Analyzing vertical 
farming project 
laatclegeX=vandinelalaatsials 


—————— 


exe) idler] Economic Social a =Yol aVateo) (eys4er=]| 
Bo ae Skill level of workforce Entrepreneurial 
ee) fh (er=) sie] oY] 11 AVA (sa 9) (E1) spirit(S1) 
Intellectual property Investment incentives SHY ing access to 
5 (-YoXo) (eyed or=) Im o) cole [Oot ks 
fe) go} x-Yoid(olan (74) (=) (52) 
4 Awareness of ' 
Environmental : 2 pe : MK=YolaVate) (eyz4fer=] ir-[ee e133) 
a hageS INEelaleyar-) marco) salon (=) citizenship about 
legislation(P3) peer: ‘(e)) 
(ore) (oy=4(or=] ULI (39) 











a K=Yol sae) feys4rer-) 
TaN cet aalstanem Xe) i(ell=tse)) 
the government (T1) 






Support of Research 
and Development 
activities by the 
government (T2) 








Positive media view 
i) 


Fig. 4. The hierarchical model of PEST in the vertical farming 
project. 


Interdependencies are identified and modelled using a NCM. 
NCM with weighs is represented in Table 1. 
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Table 1. Neutrosophic Adjacency Matrix 





































































P1 | p2 | p3 | El | E2 | E3 | S1 | S2 | 3 | S4 | T1 | T2 | T3 
Pl 0o| o| oO o/ o|} o| o| o| 0| 07] 06! Oo 
P33) oO] O| 0 0 o|o03| o| o| o| 0 0 
El | o| 0| 0| | 0} 06] 0] 0] o| of 0] 0 
E2 | 0] 0| 0 o| o| o} oO}| 0 0 
E3 | 0] 0; of o|] of o} of os/ of o}] of o| 0 
st | of o| of of of oF of o| of o| of] 0 0 
s2} oo] o| of of of oF of o| of o| o| 0 0 
ss | of o| of of of oF olf of of o| o| 0 0 
s4 | 0] 0] of o| of of} of o| of of} of 0} 0 
Tl | Of 0} 0] 02} of oF of o| o| o| of o| 0 
T2 | Oo} oO] of] of of I] TIT} o| o4] 05} of o| 0 
T3 | o| oF} Of o| of 0! 04! o| o| o| of o| o 








The centralities measures are calculates. Outdegree and 
indegree measures are presentes in Table 2. 


Table 2. Centrality measures, outdegree, indegree. 


|| 
P2 
P3 
El 
E2 
E3 
Sl 
S2 
S3 
S4 
Tl 
T2 
T3 


id 

1.3 
0.4+1 
0.3 
0.6 
0.7 
0.8 

0 

0 

0 

0 

0.2 
0.9+2I 
0.4 


od 


0.2 
0.4 
0.3+1 
1.4+] 
1.1 
0.4 
0.5 
0.7 
0.6 

I 


Later nodes are classified. In this case, political nodes are 
transmitter and social nodes are received. The rest of the 
nodes are ordinary. 


ri 
P2 
P3 
El 
2 
E3 
Sl 


Table 3. Nodes classification 


Transmitter 
XxX 
XxX 
xX 


Receiver 


Ordinary 
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S2 XxX 

S3 

S4 

Tl XxX 
T2 XxX 
T3 XxX 


Total degree (Eq. 4) was calculated. Results are show in 
Table 5. 


Table 4. Total degree 
td 

Pl 1.3 
P2 0.4+1 
P3 0.3 
El 0.8 
E2 1.1 
E3 1.1+| 
Sl 1.4+| 
S2 1.1 
S3 0.4 
S4 0.5 
Tl 0.9 
T2 1.5+2| 
T3 0.4+1 


The next step is the de-neutrosophication process as pro- 
poses by Salmeron and Smarandache [15]. I €[0,1] is re- 
placed by both maximum and minimum values. In Table 6 
are presented as interval values. 


Table 3. De-neutrosophication, total degree values 


td 
Pl 1.3 
P2 [0.4, 1.4] 
P3 0.3 
El 0.8 
2 i Ea 
E3 [1.1, 2.1] 
Sl [1.4, 2.4] 
S2 1.1 
S3 0.4 
S4 0.5 
Tl 0.9 
T2 [1.5, 3.5] 
T3 [0.4, 1.4] 
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Finally we work with the median of the extreme values (Eq 
5) [18]. 


Table 4. Total degree using median of the extreme values 


@ Political 





m Economic 


m@ Social 





™ Tecnological 





td 
Pl 13 
P2 0,9 
P3 0.3 
El 0.8 
E2 1.1 
E3 1.6 
Sl 1,9 
S2 ea 
S3 0.4 
S4 0.5 
Tl 0.9 
T2 2.5 
T3 1.4 


Graphically the result is shown in Figure 4. 
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0 


wu 


Fig. 5. Total degree measures 


The ranking obtained is as follows: 


T, > S; > E3; > Tz > Py > E2~S2 > P2.~T, > E, > Sy > 


Support of research and development activities by the gov- 
ernment was selected as the top environment factor at this 
vertical farming initiative. Centrality measures of sub factor 
were grouped according to its factors (Figure 6). 


Fig. 6. Aggregated total centrality values by factors 


After application 1n this case study the model 1s found to be 
practical to use. The NCM gives a high flexibility and take 
into account interdependencies PEST analysis 


5. Conclusions 


This study presents a model to address problems encoun- 
tered in the measurement and evaluation process of PEST 
analysis taking into account interdependencies among sub- 
factors modeling uncertainty and indeterminacy. The inte- 
grated structure of PESTEL sub-factors were modeled by 
NCM and quantitative analysis is developed based on static 
analysis. 

To demonstrate the applicability of the proposal a case 
study to a vertical farming project proposed at the Univer- 
sity of Guayaquil. Most notably, this is the first study to our 
knowledge to integrate NCM to the PEST analysis Schema. 
Our approach has many applications in complex decision 
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problem that include interdependencies among criteria, and 
such as complex agriculture decision support. 

Further works will concentrate extending the model for 
dealing scenario analysis and the use of compensatory oper- 
ator in static analysis [22] . Another area of future work is 
the developing a consensus model for NCM and the devel- 
opment of a software tool. 
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Abstract: 

To obtain effective fusion results of multi source 
evidences with different importance, an evidence 
fusion method with importance discounting factors 
based on neutrosopic probability analysis in DSmT 
framework is proposed. First, the reasonable 
evidence sources are selected out based on the 
statistical analysis of the pignistic probability 
functions of single focal elements. Secondly, the 
neutrosophic probability analysis 1s conducted 
based on the similarities of the pignistic probability 
functions from the prior evidence knowledge of the 
Thirdly, the 
importance discounting factors of the reasonable 


reasonable evidence — sources. 
evidence sources are obtained based on the 


neutrosophic probability analysis and the reliability 


Keywords: Information fusion; Belief function; 
Importance discounting factors. 


1. Introduction 


As a high-level and commonly applicable key 
technology, information fusion can integrate partial 
information from multisource, and decrease potential 
redundant and incompatible information between 
different sources, thus reducing uncertainties and 
improving the quick and correct decision ability of 
high intelligence systems. It has drawn wide 
attention attention by scholars and has found many 
successful applications in the military and economy 
fields in recent years [1-9]. With the increment of 
information environmental complexity, effective 
highly conflict evidence reasoning has huge demands 
on information fusion. Belief function also called 
evidence theory which includes Dempster- Shafer 
theory (DST) and Dezert-Smarandache theory 
(DSmT) has made great efforts and contributions to 
solve this problem. Dempster-Shafer theory (DST) 
[10,11] has been commonly applied in information 
fusion field since it can represent uncertainty and full 
ignorance effectively and includes Bayesian theory 


discounting factors of the real-time evidences are 
calculated based on probabilistic-based distances. 
Fourthly, the real-time evidences are discounted by 
the importance discounting factors and then the 
with the 
neutrosophic empty sets are discounted by the 
reliability discounting factors. Finally, 
DSmT+PCRS5 of importance discounted evidences 
is applied. Experimental examples show that the 


evidences mass assignments of 


decision results based on the proposed fusion 
method are different from the results based on the 
existed fusion methods. Simulation experiments of 
the 
superiority of proposed method is testified well by 


recognition fusion are performed and 


the simulation results. 


Dezert-Smarandache Theory; Neutrosophic probability; 


as a special case. Although very attractive, DST has 
some limitations, especially in dealing with highly 
fusion [9]. DSmT, jointly 
proposed by Dezert and Smarandache, can be 


conflict evidences 


considered as an extension of DST. DSmT can solve 
the complex fusion problems beyond the exclusive 
limit of the DST discernment framework and it can 
get more reasonable fusion results when multisource 
evidences are highly conflicting and the refinement 
of the 
Recently, DSmT has many successful applications in 


discernment framework is_ unavailable. 
many areas, such as, Map Reconstruction of Robot 
[12,13], Clustering [14,15], Target Type Tracking 
[16,17], Image Processing [18], Data Classification 
[19-21], Decision Making Support [22], Sonar 
Imagery [23], and so on. Recently the research on the 
discounting factors based on DST or DSmT have 
been done by many scholars [24,25]. Smarandache 
and et al [24] put forward that discounting factors in 
the procedure of evidence fusion should conclude 
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importance discounting factors and _ reliability 
discounting factors, and they also proved that 
effective fusion could not be carried out by Dempster 
combination rules when the importance discounting 
factors were considered. However, the method for 
calculating the importance discounting factors was 
not mentioned. A method for calculating importance 
or reliability discounting factors was proposed in 
article [25]. However, the importance and reliability 
discounting factors could not be distinguished and 
the focal element of empty set or full ignorance was 
processed based on DST. As the exhaustive limit of 
DST, it could not process empty set effectively. So, 
the fusion results based on importance and reliability 


2. Basic Theories 


2.1. DST 


Let © = {6,,0,,L,0,} be the discernment 
frame having n exhaustive and exclusive hypotheses 
0;,i = 1,2,L,n. The exhaustive and exclusive limits 
of DST assume that the refinement of the fusion 
problem is accessible and the hypotheses are 


discounting factors are the same in [25], which 1s not 
consist with real situation. In this paper, an evidence 
fusion method with importance discounting factors 
based on neutrosophic probability analysis in DSmT 
framework is proposed. In Section 2, basic theories 
including DST, DSmT and the dissimilarity measure 
of evidences are introduced briefly. In Section 3, the 
contents and procedure of the proposed fusion 
method are given. In Section 4, simulation 
experiments in the application background of 
recognition fusion are also performed for testifying 
the superiority of proposed method. In Section 5, the 
conclusions are given. 


precisely defined. The set of all subsets of 0, 
denoted by 2°, is defined as the power set of 0. 2° 
is under closed-world assumption. If the discernment 
frame © is defined as above, the power set can be 
obtained as follows [10,11]: 


2 = {Q, {01}, {65}, L, Ce (94, 65}, L, {91, 02, L, 0, }}. (1) 


In Shafer’s model, a basic belief assignment 
(bba) m(.): 2° — [0,1] which consists evidences is 
defined by m,(@) = 0 and dijzce.0m(a) = 1. 


The DST rule of combination (also called the 
Dempster combination rule) can be considered as a 
conjunctive normalized rule on the power set 2°. 
The fusion results based on the Dempster 
combination rule are obtained by the bba’s products 


(2) 


of the focal elements from different evidences which 
intersect to get the focal elements of the results. DST 
also assumes that the evidences are independent. The 
i evidence source’s bba is denoted m,. The 


Dempster combination rule is given by [10,11]: 


(m, ® mz)(C) = Yar a=c™s(A)m,(B), VC © @ (3) 
K = aco m,(A)m,(B) (4) 


In some applications of multisource evidences 
fusion, some evidences influenced by the noise or 
some other conditions are highly conflicting with the 
other evidences. The reliability of an evidence can 
represent its accuracy degree of describing the given 
problem. The reliability discounting factor a in [0, 
1] is considered as the quantization of the reliability 
of an evidence. The reliability discounting method of 


2.2. DSmT 


For many complex fusion problems, the 
elements can not be separated precisely and the 
refinement of discernment frame is inaccessible. For 
dealing with this situation, DSmT [9] which 
overcomes the exclusive limit of DST, is jointly 
proposed by Dezert and Smarandache. The hyper- 
power set in DSmT framework denoted by D® 
consists of the unions and intersections elements in 
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DST (also called the Shafer’s discounting method) is 
widely accepted and applied. The method consists of 
two steps. First, the mass assignments of focal 
elements are multiplied by the reliability discounting 
factor a. Second, all discounted mass assignments of 
the evidence are transferred to the focal element of 
full ignorance ©. The Shafer’s discounting method 
can be mathematically defined as follows [10,11] 
m,(X) = a-:m(X), for X #0 

mio =a-m@Orr =a) (5) 
where the reliability discounting factor is denoted by 
a and 0O<a<1,X denotes the focal element 
which is not the empty set, m(. ) denotes the original 


bba of evidence, m,(. ) denotes the bba after 
importance discounting. 
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©. Assume that 0 = {6,,6,}, the hyper-power set of 
@ can be defined as D® = {G,0,,05, 03,0, U 
05,8, 0, }. The bba which consists the body of the 
evidence in DSmT framework is defined on the 
hyper-power set as m(.):D®? —> [0,1]. 

Hybrid (DSmH) 
combination rule transfers partial conflicting beliefs 


Dezert | Smarandache 
to the union of the corresponding elements in 
conflicts which can be considered as _ partial 
ignorance or uncertainty. However, the way of 
transferring the conflicts in DSmH increases the 
uncertainty of fusion results and it is not convenient 
for decision-making based on the fusion results. The 


My @2(Xj) a dy,zec® and Y,z#@ 4 (Y) - mz (Z) 
YI Z=X; 


X;€G® and ij 
XIX ;=0 


Mpcrs(X;) = 


where all denominators are more than zero, 
otherwise the fraction is discarded, and where G® 
can be regarded as a general power set which is 
equivalent to the power set 2°, the hyper-power set 
D® and the super-power set S°, if discernment of 
the fusion problem satisfies the Shafer’s model, the 
hybrid DSm model, and the minimal refinement 
@'& of © respectively [9,26,27]. 

Although PCRS5 rule can get more reasonable 
fusion results than the combination rule of DST, it 
still has two disadvantages, first, it is not associative 
which means that the fusion sequence of multiple 
(more than 2) sources of evidences can influence the 
fusion results, second, with the increment of the focal 
the 
computational complexity increases exponentially. 


element number in_ discernment frame, 

It is pointed out in [24] that 1mportances and 
reliabilities of multisources in evidence fusion are 
different. The reliability of a source in DSmT 
framework represents the ability of describing the 
given problem by its real-time evidence which is the 


same as the notion in DST framework. The 


ee = B -m(X), for X # @ 


my (Xj)? +m2(X;) _ m2(X;)? -m,(X;) 
m,(X;) + m2(X;)  mz2(X;) + m,(X;) 
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Proportional Conflict Redistribution (PCR) 1-6 rules 
overcome the weakness of DSmH and gives a better 
way of transferring the conflicts in multisource 
evidence fusion. PCR 1-6 rules proportionally 
transfer conflicting mass beliefs to the involved 
elements in the conflicts [9,26,27]. Each PCR rule 
has its own and different way of proportional 
redistribution of conflicts and PCR5 
considered as the most accurate rule among these 
PCR rules [9,26,27]. The combination of two 
independent evidences by PCRS rule is given as 
follows [9,26,27]: 


rule is 


(6) 


X, € G®° and xX; #@ 


0 X,;=9@ 


importances of sources in DSmT framework 
represent the weight that the fusion system designer 
assigns to the sources. Since the notions of 
importances and reliabilities of sources make no 
difference in DST framework, Shafer’s discounting 
method can not be applied to evidence fusion of 
multisources with unequal importances. 

The 


framework 


in DSmT 
can be characterized by an 


importance of a _ source 
[24] 
importance discounting factor, denoted f in [0,1]. 
The importance discounting factor fp is not related 
with the reliability discounting factor @ which is 
defined the same as DST framework. f can be any 
value in [0,1] chosen by the fusion system designer 
for his or her experience. The main difference of 
importance discounting method and _ reliability 
discounting method lies in the importance discounted 
mass beliefs of evidences are transferred to the empty 
set rather than the total ignorance 0. The importance 
discounting method in DSmT framework can be 
mathematically defined as 


(7) 


mg(0) = B(@) + 1 — B) 


where the importance discounting factor is denoted 
by 6 and 0< f <1,X denotes the focal element 
which is not the empty set, m(. ) denotes the original 
bba of evidence, mg(.) denotes the bba after 
importance discounting. The empty set @ of 
Equation (7) 1s particular in DSmT discounted 
framework which is not the representation of 
unknown elements under the open-world assumption 


Mpcrsg(A) = Lx,,x,eG9 M1 (X1)M2(X2) + Dd vec 
XIA 


X11X2=A 


g m,(A)+m2(X) 


(Smets model), but only the meaning of the 
discounted importance of a source. Obviously, the 
importance discounted mass beliefs are transferred to 
the empty set in DSmT discounted framework which 
leads to the Dempster combination rule is not 
suitable to solve this type of fusion problems. The 
fusion rule with importance discounting factors in 
DSmT framework for 2 sources is considered as the 


extension of PCRS rule, defined as follows [24]: 
m,(A)*-m2(X) , mz pumice) (8) 
M2 (A)+m4(X) 
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The fusion rules with importance discounting 
factors considered as the extension of PCR6 and the 


fusion rule for multisources (s>2) as_ the 
extension of PCR5 can be seen referred in [24]. 


3. An Evidence Fusion Method with Importance Discounting Factors Based on Neutrosopic 


Probability Analysis in DSMT Framework 


An evidence fusion method with importance 
discounting factors based on _ neutrosophic 
probability analysis in DSmT framework is proposed 
in this section. First, the reasonable evidence sources 
are selected out based on the statistical analysis of the 
pignistic probability functions of single focal 
elements. Secondly, the neutrosophic probability 
analysis 1s conducted based on the similarities of the 
pignistic probability functions from the prior 
evidence knowledge of the reasonable evidence 
sources. Thirdly, the importance discounting factors 


3.1. The reasonable evidence sources are selected out 


Definition 1; Extraction function for extracting 
focal elements from the the pignistic probability 
functions of single focal elements. 

x(P(a;)) = a;,a; € {a,, az, L, az} (11) 

Definition 2: Reasonable sources. 

The evidence sources are defined as reasonable 
sources if and only if the focal element which has the 
maximum mean value of the pignistic probability 
functions of all single focal elements is the element 
a; which is known in prior knowledge, denoted by 





x(P(@)) = max(P(a)) =a,1<i<z (12) 


of the reasonable evidence sources are obtained 
based on the neutrosophic probability analysis and 
the reliability discounting factors of the real-time 
evidences are calculated based on probabilistic-based 
distances. Fourthly, the real-time evidences are 
discounted by the importance discounting factors and 
then the evidences with the mass assignments of 
neutrosophic empty sets are discounted by the 
reliability discounting factors. Finally, DSmT+PCR5 
of importance discounted evidences is applied. 


where @ represents that the focal element which has 
the maximum mean value of the pignistic probability 
functions of all single focal elements. 

Based on Definition 2 and the prior evidence 
knowledge, reasonable sources are selected out. The 


unreasonable sources are not suggested to be 
considered in the following procedure for they are 
imprecise and unbelievable. 


3.2. The neutrosophic probability analysis of the sources and the importance discounting factors in DSmT 


framework 


The neutrosophic probability theory 1s 
proposed by Smarandache [30]. In this section, the 
neutrosophic probability analysis is conducted based 


on the similarities of the pignistic probability 
functions from the prior evidence knowledge of the 
reasonable evidence sources. 


Definition 3: Similarity measure of the pignistic probability functions (SMPPF). 


Assume that the distribution characteristics of 
pignistic probability functions of the focal elements 

P(a;):{P(a,),0(a;)}, P(ax):{P (ax), o(ax)}. 

The similarity measure of the  pignistic 
probability functions(SSMPPF) is the function 
satisfying the following conditions: 

(1) Symmetry: 








a, 1<t<z and a,,k #i,1<k <z are denoted 


by: 


Vaj, a, € 0, Sim(P(a;), P(ax)) = Sim(P(a,), P(a;)); 


(2) Consistency: 


Va; € 0, Sim(P(a;), P(a;)) = Sim(P(q,), P(a;)) = 1; 


(3) Nonnegativity: 
Vaj, a, € 0, Sim(P(a;), P(a,)) > 0. 


We will say that P(a,;) is more similar to P(a,) than P(a,) if and only if: 


Sim(P(aj), P(ax)) > Sim (P(a;), P(a,)). 
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The similarity measure of the  pignistic 
probability functions based on the distribution 


similarity(a;,a;,) = exp{ 


Assume that a; is known in prior knowledge, 
the diagram for the similarity of the pignistic 
probability functions of focal elements a; and a, 
which has the largest SMPPF to a, is shown in Fig. 
I. P(a;) is mapped to a circle in which P(a,) is the 
center and o(a,) is the radius. Similarly, P(a,) is 
mapped to a circle in which P(a;,) is the center and 
ao(a;,) is the radius. All the evidences in the prior 
knowledge from the reasonable source are mapped to 
the drops in any circle which means that the mapping 
from drops in the circle of P(a;) to the prior 
evidences is one-to-one mapping and similarly the 
mapping from drops in the circle of P(a,;) to the 
prior evidences is also one-to-one mapping. If P(a;) 
is very similar to P(a;), the shadow accounts for a 


Figure 1. The diagram for the similarity. 


Based on the above analysis, the neutrosophic 
probability and the absolutely right probability of the 
reasonable evidence source can be obtained by the 
similarity from the prior evidences for the mapping 
of the SMPPF of P(a,;) and P(a,) to the 
probability of P(a;) in the shadow is one-to-one 
mapping. 

AS Vaj, a, € 0,0 < 
similarity(P(a;) P(a,))<1  , iff a = 


P(S, is neutral |a;) = 
1<J<n,J#1 


Then, the absolutely right probability of the 
reasonable evidence source in the prior condition that 
a; is known can be calculated as follows: 


(S, is absolutely right|a;) = 1 — P(S;, is neutral |a;) = 1 — 


So, if the prior probability of each focal element 
can be obtained accurately, the absolutely right 


-_ |P(a,)-P(ax)| 
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characteristics of the pignistic probability functions 
is defined as follows: 








afotarotasil (13) 

large proportion of P(a;) or P(a,). If P(a;) or 
P(a,) has the random values in the shadow of the 
diagram, the evidences of the reasonable source can 
not totally and correctly support decision-making for 
there are two possibilities which are P(a;) > P(ax) 
and P(a;) <P(a,). If P(a;)<P(a,) in the 
evidences, the decisions are wrong. However, if 
P(a;) or P(a,) has the random values in the blank 
of the diagram, there is only one possibility which is 
P(a;) > P(a,) for the sources are reasonable and 
the decisions by these evidences are totally correct. 
So, we define the neutrosophic probability and the 
absolutely right probability of the reasonable 
evidence source as probability of P(a,) in the 
shadow and blank of the diagram. 


P(a;) > P(ax) or P(a;) S P(ax) 


a,, similarity(P(a;)) , we define that the 
probability of P(a;) in the shadow is the same as 
similarity(P(a;) P(a,)). 

Assume there are reasonable evidence sources 
for evidence fusion, denoted by S,,k = 1,2,L,h. So, 
the neutrosophic probability of the the reasonable 
evidence source in the prior condition that a; is 
known can be calculated as follows: 


max [similarity(P(a;) P(a;,))| (14) 


max [similarity(P(a;) P(a;))| (15) 


1<j<n,j#l 
probability of the reasonable evidence source can be 
calculated by the equation 


P(S;, is absolutely right) = )iq,coi=1,2,L,n P (Sx is absolutely right|a;)gP(a;). (16) 


If the prior probability of each focal element 
can not be obtained accurately and any focal element 
has no advantage in the prior knowledge, denoted by 

P(S, is absolutely right) = 

We define the 
importances in DSmT framework @o;¢(S;) as the 


n 
discounting factors of 


normalization of the absolutely right probabilities of 


da;€0,i=1,2,L.n(Sk is absolutely right |a;) 


Asig(S_) = 


P(a,) = P(a,) =L= P(a,), the absolutely right 
probability of the reasonable evidence source can be 
calculated as follows: 


(17) 
the the reasonable evidence sources P(S;, is right), 
k = 1,2,L,h, denoted by 


P(S,x is absolutely right) 


as ae ee 18 
gamay IPR is absolutely right) | ( ) 
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3.3. The reliablility discounting factors based on probabilistic-based distances 


The Classical Pignistic Transformation(CPT) [9,10,11] is introduced briefly as follows: 


P(A) = Dee m(X) 

Based on CPT, if the mass assignments of the 
single focal elements which consist of the union set 
of single focal elements are equal divisions of the 
mass assignment of the union set of single focal 
elements in two evidences, the pignistic probability 
of two evidences are equal and the decisions of the 
two evidences based on CPT are also the same. From 
the view of decision, it is a good way to measure the 
similarity of the real-time evidences based on 
pignistic probability of evidences. Probabilistic 
distance based on Minkowski's distance [25] is 
applied in this paper to measure the similarity of real- 
time evidences. The method for calculating the 


(19) 
reliability discounting factors based on Minkowski's 
distance [25] (t = 1) is given as follows. 

Assume that there are h evidence sources, 
denoted by S;,k =1,2,L,h , the real-time 2 
evidences from S; and S;, i #j are denoted by m;, 
m, the discernment framework of the sources is 
{0,,02,L,0,}, the pignistic probabilities of single 
focal elements from S; are denoted by Ps,(O,),1< 
w <n and the pignistic probabilities of single focal 
elements from S; are denoted by Ps, (6,),1<w< 


n. 


1) Minkowskt's distance (t = 1) between two real-time evidences 1s calculated as follows: 


; 1 
DistP(m,,m,) = =¥. 4,,<o |Ps, (Ow) — Ps, (Ow)]. (20) 
|Owl=1 
2) The similarity of the real-time evidences is obtained by 
similary(m;,,m,) = 1 — DistP(m;,m,). (21) 
3) The similarity matrix of the real-time evidences from S,,k = 1,2,L,h is given 
1 similarly(m,,m,) L similarly(m,,m,) 
_ |similarly(m,,m,) 1 L similarly(m,,m,) 
Gm (22) 
M M M M 
similarly(m,,m,) similarly(m,,m,) L 1 
The average similarity of the real-time evidences from S,,k = 1,2,L,h is given 
similarly(S,) = HisuaL hier eo (23) 
4) The reliability discounting factors of the real-time evidences from $S;,,k = 1,2,L,h 1s given 
= sumilarly(Sx) 
CREL (Sx) a panax _,, [semularly(Sy)] (24) 


3.4. The discounting method with both importance and reliability discounting factors in DSmT framework 


1) Discounting evidences based on the discounting factors of importance. 


Assume that the real-time evidence from the 
reasonable evidence source sx 1s denoted by: 


m, = {m(A),A & D®}, G® = {a,L, a, a,1 LI] az, a, UL Vay}. 


Based on the discounting factors of importances 
in DSmT framework dsic(sx), the new evidence 


mi! a _ = asic (Sx) g(m(A)),A Cc G® 


me (0) = 1— sig (Sx) 
where m*!¢(A) are the mass assignments to all 
focal elements of the original evidence and 
m*!4(@) is the neutrosophic probability of the 


m?'° after importance-discounting by dsic(sx) can 


be calculated by: 
(25) 


source, which represents the mass assignment of 
paradox. 


2) Discounting the real-time evidences based on reliability discounting factors after importance 


discounting. 

As the property of the neutrosophic probability 
of the source, the pignistic probabilities of single 
focal elements are not changed after importance- 
discounting the real-time evidences in DSmT 
framework and the mass assignments of 
neutrosophic empty focal element @ which represent 
the importances degree of sources is added to the new 
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evidences. If some real-time evidence has larger 
conflict with the other real-time evidences, the 
evidence should be not reliable and the mass 
assignments of the focal elements of the evidence 
should be discounted based on the discounting 
factors of reliabilities. As one focal element of the 
new evidence, the mass assignment of neutrosophic 
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empty focal element @ of the unreliable evidence 
should also be discounted. So the new discounting 


method based on the discounting factors of 
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reliabilities after discounting by the discounting 
factors of importances is given as follows 


m*!6(A) = Ape, (Sk) 9As1¢ (Sk) g(m(A)),A S G® 


in, = 


m*!(0) = Are (Sx) g[1 


— Asig(Sx)] (26) 


m*!5(Q) = 1 — aper (Sx) 


3.5. The fusion method of PCR5g in DSmT framework is applied 


After applying the new discounting method to 
the real-time evidences, the new evidences with the 
mass assignments of both the neutrosophic empty 
focal element © and the total ignorance focal 
elements © are obtained. The classic Dempster 


Mpcrsg(A) = » My (X1)m2(X2) + - eee 


X1,X2€G® 
X11X2 =A 


The mass assignment of the neutrosophic empty 
focal element @ is included in the fusion results, 
which is not meaningful to decision. According to the 


Mpcrsg(A) = Mpcrsy(A) + 


Mpcrsq (0) =0 


m,(A)* > m2(X) 
m,(A) + m2(X)  m,(A) + m,(X)]" 


ap QD 


fusion rules can not be sufficient to process these 
evidences in DSmT framework and PCR5g for 2 
sources in DSmT framework is applied as our fusion 
method as follows: 

(27) 


m (A)* -m,(X) A€GC® ord 


principle of proportion, Mpcrs,(@) in the fusion 
result is redistributed to the other focal elements of 
the fusion result as follows: 


™PCR5g (A) 6 
y ec? MPCR5g(A) TMPCR5g LAS G 


(28) 


where Mpcprs,(A),A € G® is the final fusion results of our method. 


4. Simulation Experiments 


The Monto Carlo simulation experiments of 
recognition fusion are carried out. Through the 
simulation experiment results comparison of the 
proposed method and the existed methods, included 
PCRS fusion method, the method in [25] and PCRS 
fusion method with the reliability discounting 
factors, the superiority of the proposed method is 
testified. (In this paper, all the 
experiments are implemented by Matlab simulation 
in the hardware condition of Pentimu(R) Dual-Core 
CPU E5300 2.6GHz 2.59GHz, memory 1.99GB. 
Abscissas of the figures represent that the ratio of the 
the standard deviation of Gauss White noise to the 


simulation 


maximum standard deviation of the pignistic 
probabilities of focal elements in prior knowledge of 
the evidence sources, denoted by ‘the ratio of the 
standard deviation of GWN to the  pignistic 
probabilities of focal elements’.) 

Assume that the prior knowledge of the 
evidence sources is counted as the random 
distributions of the pignistic probability when 
different focal element occurs. The prior knowledge 
is Shown in Tabel 3 and the characteristics of random 
distributions are denoted by P(.): (mean value, 


variance). 


Table 3. Prior knowledge of evidence sources. 


Evidence sources 


Pi(a) ~ (0.6,0.3) 


es P:(b) ~ (0.4,0.3) 
P2(a) ~ (0.6,0.3) 

= P2(b) ~ (0.4,0.3) 

: P3(a) ~ (0.8,0.05) 


Prior knowledge when a occurs 


Prior knowledge when b occurs 


Pi(a) ~ (0.46,0.3) 
Pi(b) ~ (0.54,0.3) 
P2(a) ~ (0.4,0.3) 
P2(b) ~ (0.6,0.3) 
P3(a) ~ (0.2,0.05) 


P3(b) ~ (0.2,0.05) ~ 


P3(b) ~ (0.8,0.05) 


5.1.1 Simulation experiments in the condition that importance discounting factors of most evidence sources 


are low 


Assume that there are 3 evidence sources, 
denoted by s), s2, s3, and the discernment framework 


of the sources is 2 types of targets, denoted by {a,b}. 
The prior knowledge is shown in Table 3. Assume 
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that the pignistic probabilities of the focal elements 
are normally distributed. The real-time evidences of 
3 sources are random selected out 1000 times based 
on the prior knowledge in Table 3 in the condition 
that a occurs and b occurs respectively. The Moto- 
carlo simulation experiments of recognition fusion 
based on the proposed method and the existed 
methods are carried out. With the increment of the 
standard deviation of Gauss White noise in the mass 
assignments of evidences, the fusion results 
comparisons in different conditions are shown in Fig. 
3 and Fig. 4, and the mean value of the correct 
recognition rates and computation time are show in 
Table 11 and Table 12. 

The fusion results comparisons in the condition 
that importance discounting factors of most evidence 
sources are low show that: 


Table 11. The mean value of correct recognition rates. 


1) The method proposed in this paper has the 
highest correct recognition rates among the existed 
methods. PCR5 fusion method has the secondly 
highest correct recognition rates, PCRS fusion 
method with reliability discounting factors has the 
thirdly highest correct recognition rates, the method 
in [25] has the lowest correct recognition rates. 

2) The method proposed in this paper has the 
largest computation time among the existed methods. 
the method in [25] has the secondly largest 
computation time, PCRS fusion method with 
reliability discounting factors has the thirdly largest 
computation time, PCR5 fusion method has the 
lowest computation time. 


PCR5 fusion 
thod with 
Beta natiane The proposed PCRS fusion The method are. 
method method in [25] y 
discounting 
factors 
a 98.9% 88.6% 80.5% 84.3% 
b 98.9% 87.6% 79.0% 82.9% 
Table 12. The mean value of computation time. 
PCR5 fusion 
thod with 
Prior conditions The proposed PCRS5 fusion The method sees 
method method in [25] y 
discounting 
factors 
a 1.47 x 1074 0.48 x 10-4 0.88 x 10-4 0.67 x 1074 
b 1.46 x 1074 0.47 x 1074 0.89 x 1074 0.66 x 107+ 


Table 13. Prior knowledge of evidence sources. 


Evidence sources 


Pi(a) ~ (0.6,0.3) 


it P:(b) ~ (0.4,0.3) 
P2(a) ~ (0.8,0.05) 

a P2(b) ~ (0.2,0.05) 

F P3(a) ~ (0.8,0.05) 


P3(b) ~ (0.2,0.05) 


Prior knowledge when a occurs 


Prior knowledge when b occurs 


Pi(a) ~ (0.46,0.3) 
Pi(b) ~ (0.54,0.3) 
P2(a) ~ (0.2,0.05) 
P2(b) ~ (0.8,0.05) 
P3(a) ~ (0.2,0.05) 
P3(b) ~ (0.8,0.05) 


5.1.2 Simulation experiments in the condition that importance discounting factors of most evidence sources 


are high 


Assume that there are 3 evidence sources, 
denoted by sj, So, $3, and the discernment framework 
of the sources is 2 types of targets, denoted by {a,b}. 
The prior knowledge is shown in Table 13. Assume 
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that the pignistic probabilities of the focal elements 
are normally distributed. The Moto-carlo simulation 
experiments are carried out similarly to the Section 
4.3.1. With the increment of the standard deviation 


71 


(y: 


of Gauss White noise in the mass assignments of 
evidences, the fusion results comparisons in different 
conditions are shown in Fig. 5 and Fig. 6, and the 
mean value of the correct recognition rates and 


Table 14. The mean value of correct recognition rates. 
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computation time are show in Table 14 and Table 15. 
The importance factors of the evidences are 
calculated by Equation (18). The importance factor 
of s; 1s 0.19, the importance factor of sz and s3 is 1. 


PCR5 fusion 
thod with 
-_ The proposed PCR5 fusion The method a : ig 
Prior conditions ; realibility- 
method method in [25] ; Z 
discounting 
factors 
a 99.0% 98.8% 99.0% 99.0% 
b 99.0% 98.8% 99.0% 99.0% 
Table 15. The mean value of computation time. 
PCR5 fusion 
thod with 
See ees The proposed PCR5 fusion The method ee 
seco" method method in [25] y 
discounting 
factors 
a 1.45 x 1074 0.47 x 1074 0.86 x 107+ 0.67 x 1074 
b 1.46 x 1074 0.47 x 1074 0.87 x 107+ 0.65 x10°4 


The fusion results comparisons in_ the 
condition that importance discounting factors of 
most evidence sources are high show that: 

1) The correct recognition rates of four 
methods are similarly closed, PCR5 fusion method 
has the lowest correct recognition rates among four 
methods. 


5. Conclusions 


Based on the experiments results, we suggest that 
the fusion methods should be chosen based on the 
following conditions: 

1) Judge whether the evidences are simple. 
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Abstract:The P-union ,P-intersection, POR and P-AND 
of neutrosophic soft cubic sets are introduced and their 
related properties are investigated. We show that the P- 
union and the P-intersection of two internal neutrosophic 
soft cubic sets are also internal neutrosophic soft cubic 
sets. The conditions for the P-union ( P-intersection ) of 
two T-external (resp. I- external, F- external) neutrosophic 
soft cubic sets to be T-external (resp. I- external, F- 
external) neutrosophic soft cubic sets is also dealt with. 


We provide conditions for the P-union ( P-intersection ) of 
two T-external (resp. I- external, F- external) neutrosophic 
soft cubic sets to be T-internal (resp. I- internal,F- internal) 
neutrosophic soft cubic sets. Further the conditions for the 
P-union (resp. P-intersection ) of two neutrosophic soft 
cubic sets to be both T-external (resp. I- external, F- 
external) neutrosophic soft cubic sets and T-external (resp. 
I- external, F- external) neutrosophic soft cubic sets are 
also framed. 


Keywords: Cubic set, Neutrosophic cubic set, Neutrosophic soft cubic set, T-internal (resp. I- internal,F- internal) neutrosophic 
soft cubic sets , T-external (resp. I- external, F- external) neutrosophic soft cubic set. 


1 Introduction 
Florentine Smarandache[10,11] coined neutrosophic sets 
and neutrosophic logic which extends the concept of the 
classical sets, fuzzy sets and its extensions. In neutrosophic 
set, indeterminacy is quantified explicity and_ truth- 
membership, indeterminacy-membership and falsity — 
membership are independent. This assumption is very 
important in many applications such as information fusion 
in which we try to combine the data from different sensors. 
Pabita Kumar Mayjii[18] had combined the Neutrosophic 
set with soft sets and introduced a new mathematical 
model ‘ Nuetrosophic soft set’. Y. B. Jun et al[2]., 
introduced a new notion, called a cubic set by using a 
fuzzy set and an interval-valued fuzzy set, and investigated 
several properties. Jun et al. [19] extended the concept of 
cubic sets to the neutrosophic cubic sets. [1] introduced 
neutrosophic soft cubic set and the notion of truth-internal 
( indeterminacy-internal, falsity-internal) neutrosophic soft 
cubic sets and truth-external ( indeterminacy-internal, 
falsity-internal) neutrosophic soft cubic sets 

As a continuation of the paper [1]We show that the P- 
union and the P-intersection of T-internal (resp. I- 
internal,F-internal) neutrosophic soft cubic sets are also T- 
internal (resp. I-internal,F-internal) neutrosophic soft cubic 
sets. We also provide conditions for the P-union ( P- 
intersection ) of two  T-external (resp. I- external,F- 
external) neutrosophic soft cubic sets to be T-external 
(resp. I- external,F- external) neutrosophic soft cubic sets. 

We provide conditions for the P-union ( P-intersection ) 
of two T-external (resp. I-  external,F- external) 


neutrosophic soft cubic sets to be T-internal (resp. I- 
internal,F- internal) neutrosophic soft cubic sets. 

We provide conditions for the P-union (resp. P- 
intersection ) of two NSCS to be both T-external (resp. I- 
external,F- external) neutrosophic soft cubic sets and T- 
external (resp. I- external,F- external) neutrosophic soft 
cubic sets. 

2 Preliminaries 


2.1 Definition: [5] Let E be a universe. Then a fuzzy set u 
over E is defined by X = { Lx (x) / x: x € E }where ui is 
called membership function of X and defined by px: E > 
[0,1]. For each x E, the value u(x) represents the degree of 
x belonging to the fuzzy set X. 


2.2 Definition: [2] Let X be a non-empty set. By a cubic 
set, we mean a structure © = {(x, A(x), w(x) |x € X} 


in which A 1s an interval valued fuzzy set (IVF) and u 1s a 
fuzzy set. It is denoted by(A, /). 

2.3 Definition: [9|Let U be an initial universe set and E be 
a set of parameters. Consider A C E. Let P( U ) denotes the 
set of all neutrosophic sets of U. The collection ( F, A ) is 
termed to be the soft neutrosophic set over U, where F is a 
mapping given by F: A— P(U). 

2.4 Definition : [4] Let X be an universe. Then a 
neutrosophic (NS) set A 1s an object having the form 


N= {<x : T(x), I(x),F(x) >: x € X} 


where the functions T, I, F : X — JO, 1+[ defines 
respectively the degree of Truth, the degree of 
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indeterminacy, and the degree of Falsehood of the 
element x € X to the set A with the condition. 


~O < T(x) + I(x) + F(x) < 3* 
2.5 Definition : [7] Let X be a non-empty set. An interval 
neutrosophic set (INS) A in X is characterized by the 
truth-membership function Ary, the indeterminacy- 
membership function A; and the falsity-membership 
function Arp. For each point x € X, Ar (x),Az (x),Ar (x) & 
[0,1]. 
For two INS 
A = {<x, [Ar(x), Ar(x)], [Ar(x), Ar(x) ], [Ar(x), 
Ar’(x)]>: x € X} 
and 
B = {<x, [Br(x), Br*(x)], [Br(x), Br(x) ], [Br(x), 
Br'(x)|>: x € X} 
Then, 
1. ACB if and only if 


Ap (x)< By (x), Ap (x) S Br (x) 

Ay (x)= B; (x), Ay (x) 2B; (x) 

A; (x)> Br (x), Ap(x)= B(x) for all x€ X. 
2. A=B if and only if 

Ar (x)= Br (x), Ap (x) = By (x) 

A; (x)= By (x), Ay (x) = By (x) 

A; (x)= Br(x), Ap(x) = Br(x) for all x € X. 


3, ac ={< x,[ Ap(x), Ap()],[APO9, Ay (0, [Ap (x), Ap OO] >: x eX} 


[max { Aj (x), By (x)},max{ A} (x), Bf (x) }, 
[max{ Ap (x), Bp(x)},max{ AE(x), BR) }]>: x EX } 


5: 

AU B ={< x,[max{A}(x), Bz(x)}, max {A*(x), Be(x)}], 
[min {Aj (x), By (x) },min{ Ay (x), By (x) }], 

[min{ Ap(x), B(x) },min{ Ap (x), Be(x)}]>:x eX} 

2.6 Definition: [1] 

Let U be an initial universe set. Let NC(U) denote the 


set of all neutrosophic cubic sets and E be the set of 
parameters. Let AcE then 


(P, A) ={ Ple, ) = {<x, Ae;(X), Ae(x) > x EU fe, EAC E} 

where Ae;(x)={< x, a (x), Ae (x), A, (x)>/xeU}is an 
interval neutrosophic set 
Ae; (xX) ={< x, (Ae (x), Ae. (x), Ae, (x) >/xeU} is a 


neutrosophic set. The pair (P,A) is termed to be the 


A A B={< x,[min{A;(x), Bz(x)}, min {AF(x), BT (x)}], 


neutrosophic soft cubic set over U/ where P is a mapping 


given by P :A ~NC(U) 

2.7 Definition: [1] 
Let X be an initial universe set. A neutrosophic soft cubic 
set (P,A) in X is said to be 

e truth-internal (briefly, T-internal) if the following 
inequality 1S valid 
(VxeX,e, €E) (A (xs 4 (x) < At (x), (2.1) 

e indeterminacy-internal (briefly, I-internal) if the 
following inequality 1S valid 
(VxeX,e,€E) (A(x) S72 (x) SA (a)), (2.2) 

e falsity-internal (briefly, F-internal) if the following 
inequality 1S valid 
(VxeX,e, € E)(A," (x)s ab (x) AP" (x). (2.3) 


If a neutrosophic soft cubic set in X satisfies (2.1), 
(2.2) and (2.3) we say that (P,A)is an _ internal 


neutrosophic soft cubic set in Xx . 
2.8 Definition: [1] 


Let X be an initial universe set. A neutrosophic soft 
cubic set (P, A)in X is said to be 
e truth-external (briefly, T -external) if the following 
inequality 1S valid 
(VxeX,e, EB) (A (x)e(Ay (AL (x), (2.4) 


e indeterminacy-external (briefly, I -external) if the 
following inequality 1S valid 
(Vxe X,e,€E) (A) (x)¢(Al' (x), At (x), (2.5) 


e falsity-external (briefly, / -external) if the following 
inequality is valid 
(VxeX,e,€E) (AL (x) e(Al (x), As’ (x). (2.6) 


If a neutrosophic soft cubic set (P, A)) in X satisfies 
(2.4), (2.5) and (2.6), we say that (P,A) is an external 


neutrosophic soft cubic set in X. 
2.9 Definition [1] 
Let 


(P,I)={P(e;)={<x, Ac. (X), Ap, (X)>:x EX} @ ET] 


and 


(Q,J)={ Qe) =B. ={< x, B,. (X), He, (x)>:xeX}e es} 


be two neutrosophic soft cubic sets in X. Let I 
and J be any two subsets of E (set of 
parameters), then we have the following 
1. (P,D=(QJ) if and only if the following 
conditions are satisfied 
a) I=Jand 


ie) 
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b) P(e,)=Q(e,) for all €, €! if 
and only if Ae,(x)=Be,(x) 
and Ae (x)=he;,(x) for all 
xe€X corresponding to 
eache, EJ. 


2.  (P,Dand(Q,J) are two neutrosophic soft 


cubic set then we define and denote P- 
order as (P,I)cGp (Q,J) if and only if 


the following conditions are satisfied 
c) I cJ and 


d) P(e.) <, Q(e,)for all e e/ 
if and only if Ae;(x)c Be; (x) 
and Ae(x)< pe;(x) for all 
x € X corresponding to each 
Cre Ts 
3. (P,Dand(Q,J) are two neutrosophic 


soft cubic set then we define and de- 
note P- order as (P,I) Cp (Q,J) if and 


only if the following conditions are sat- 


isfied 
e) I cJand 
f) P(e) <p Q(e,) for all €; E1 


if and only if 
Ae,(x)c Be; (x) 


and Ae(x)> we;(x) for all 

xe€X corresponding to 

eache, EJ. 
2.10 Definition: [1] 
Let (FJ) and (G,J) be two neutrosophic soft cubic sets 
(NSCS) in X where I and J are any two subsets of the 
parameteric set E. Then we define  P-union - of 
neutrosophic soft cubic set as (F,J)U,(G,J) =(H,C) 
where C=/JUJ 
F(e,) ife,el—J 
G(e,) ife,eJ—I 
F(e,) vp Gle,) feel as 
where F(e,) v, G(e,) 18 defined as 
F(e,) vp Gle,) = 
{< X,max{ A., (x),B,. (x) }, (Ag, V fe, (X)>:X EX} e eInJ 


H(e;) = 


where A. (x),B,.. (x) represent interval neutrosophic sets. 
1 1 


Hence 
F’(e) vpG'(e) = 


{<x,max{ A! (x),B! (x)},(Al vu) (x)>:xeX}eeInJ, 


F'(e,)vpGle) = 
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{<x,max{ A! (x),B! (x)},(’ vu \xy>ixeX}feeIod , 


F'(e) vp G'(e,) = 
{<x,max{ AF (x),BF (x)},( AF Vu \xy>:xeX}eeInJ - 


2.11 Definition: [1] 

Let (F,/)and (G,J) be two neutrosophic soft cubic 
sets (NSCS) in X where I and J are any subsets of 
parameter’s set E. 

Then we define P-intersection of neutrosophic soft cubic 
set as (F,1) 4, (G,J) = (H,C) wherec=IaJ, 


H(e;) = F(e)Ap G;) 


H(e,) = F(e,)Ap G(e,) and e,e17J.Here 
F(e,) Ap G(e,) is defined as 
F(eé,) Ap G(e,) = H(e,) = 


{< x, min{ A.. (x), B,. (x) },CA,. A Me, (OX) > 2X eX}e,EeInJ 


Where A. (X),B,. (x) represent interval neutrosophic sets. 
1 1 


Hence 
F’(e,) Ap G' (e,) = 
{< x, min{ Al (x),B! (x)},( A" Aw) (x)>:xeX}eeInJ , 


F'(e,) ApG'(e) = 
{< x, min{ AC (x), Bo (x)}.CA, AM \xy>i:xeX}peeIods, 


1 1 1 


EF’ @yasC e) = 
{< x, min{ AY (x), Be (x)}. (AL AM ) (x)>:xeX}e, eInJ 


3 More On P-union And P-intersection Of Neutrosoph- 
ic Soft Cubic Set 


Defintion: 3.1 
Let 


(F,D={ Fle )={< X, Ae, (X), Ae, (x) >: x eX} e; el} and 
i i 

(G,J)={ Ge, ) ={<x, Be. (X), Le. (x)>:x eX} e, «J } be 
i i 


neutrososphic soft cubic set (NSCS) in X. Then 
[1] P-OR is denoted by (F,/) Vp (G,J ) and de- 


fined as (F,/) Vp (G,J) =(H,1IxJ) where 

H(a,;,f;) = F(Q;) Up G(f;) forall (@;, 5; ) elxJ. 
[2] P-AND is denoted by (F,/) Np (G, J) and de- 

fined as (F,/) Ap (G,J) =(H, 1x J) where 


H(a,;, f;) = F(@;) Op G(f;) for all (a;,B;) els): 
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Example: 3.2 (F,1) “={( Fle, ))© = {< x, AG. (x), 46, (0) >: x © X} ©; ET}. 

Let X = {x1, X2,x3} be initial universe and E = {e1, eo} : : ‘ 

parameter’s set. Let (F,I) be a neutrosophic soft cubic set (F,1) ~ = 

over xX and defined as {<x, nag AT) At aac!) As? aay) 
F,I)={ Fle.) ={<x,Ae. (x), Je. (x) >:x © X} e: EI} and | | | | 
tg) e; | e; ( eet} ra? aa! a—aF )>x ex} e, El. 
















X 
E le:3.4 
7 <Aei(x), dX e1(X) > <Ae(x), 2d €2(X) > xamiple 


0.5.0.6110.6.0 0.4.0 03.0.61102.0 030 Let X = {x1, x2} be initial universe and E = {e, e} 
Ho 5 a - : 0 6] 6 > ar _ ; 0 4] parameter’s set. Let (F,I) be a neutrosophic soft cubic set 
l OU: 50. 2,0. 0. | 
x | [0.4,0.5][0.7,0. | [0.5,0. | [0.3,0.5][0.6,0. | [0.4,0. | OY Xx and defined as 
2 | 8][0.2,0.3] 6,0.6] | 8][0.2,0.6] 7,05) | (FD={Fe)={<x, Ae. (X), Ze. _ (X) >:xeX}e el} 
x | [0.2,0.3][0.2,0. | [0.3,0. [0.4,0.7][0.2,0. | [0.5,0. 
3][0.3,0.5] 4.0.6] | 5][0.3,0.6] 6,0.6] — = re) 


A A 
(G,J)={ Gle,) ={<x, B. (X), M (x)>:x eX} e, J} ‘i Lo. , Lo. on €2(X), 


os 
(Be, wee > |< Ane), wet >| 4)0.5,0.8] 5.0.7] _| 7)0.6,0.9 4.0.4] 
1 | .5][0.3,0.4] 4,0.6] | .3][0.1,0.2] 2,0.2] {2 | 7)[0.4,0.7] 5,0.3] | 7)[0.3,0.6] 7,0.8] 
2_| .7][0.1,0.2] 4,0.2] | .7][0.2,0.5] 5,0.41] ARE TN PIS eng ig ee e. el} 
x | [0.3,0.4][0.1,0 | [0.5,0. | [0.5,0.8][0.1,0 | [0.7,0. ; , 


P-OR is denoted by (H,1xJ) =F, DV (GJ) te i a 






AS ex(X), AS e4(Xx), 
where re —_. > a e1(x) > 


[0.2.0.5] | 5.03] 5][0.1,0.4] 6,0.6] 
St Om Sen G(e1) 2 | |[[0.3,0.6] 5,0.7] 6][0.4.0.7] 3,0.2] 
[0.7,0.9 [0.4,00. [0.5 

6,0. ][0.6,0. 


1(0. (0.30. | 0.4 | 7)[0.2,0. | 0. Proposition :3.5 


7NL0.5,0 | ,0.6 | 7)[0.5,0 | ,0.6 | 5][0.3,0 | ,0.5 | 7][0.2,0. | .0. Let X be initial universe and I, J, L and S subsets of 
6] 6] A] 4] parametric set E. Then for any neutrosophic soft cubic 
(0.5,0.6 | [0.. | [04,06 - | (0.50.6 | (0. | [0.40.6] | [0. sets A = (FD, B= (GJ), €= (.L) .P = (7,5) the 
1(0.7,0. | 6,0. | 1[0.7,0. | 6,0. | 110.60. | 6,0. | [0.60.8] | .0. following properties hold 
8](0.2,0 | 60. | 8]f0.2,0 | 60. | 8]f0.2,0 | 7,0. | [0.20.6] | ,0. (1) if Gp Band B Cp CthenA & C. 
| = a) (2) if-4 CpBthen Bo Cpe *. 
(0.3.0.4 | [0.5 | [05,08 7 | [0.4.0.7 5 | [05,08] | [0. (3) if  CpBand ed pC then-d SpBNMPC. 
1(0.2,0. | 0.4 | 110.20. | 04 | 110.2,05 | .0.6 | [0.2,0.5] | .0. (4) if CpB and @ CpB then ed UpC CpB. 
AUOS9 | 0.6 | S1O3,0 | 86 | 103.06 | 08 | P5961 1 96 1 (5) if A CpB and © CpD then Al Up® CpBUpD and 
es ol (\pG CpB Mp. 
Proof: Proof is straight forward 
Definition:3.3 Theorem:3.6 Let (F,I) be a neutrosophic soft cubic set 
The complement of a neutrosophic soft cubic set 


(F,D={ Fle, ) = {< X, Ag. (x), Ae. (x)>:x EX} e el }is 


over X. 
(1) If (F,])is an internal neutrosophic soft cubic set, then 
(F, D* is also an internal 


C c P neutrosophic soft cubic set (INSCS). 
(F,I) = {((F, I) = (F,=1)}, where fF :-l > NC(X) (2) If (F, Dis an external neutrosophic soft cubic set, then 


and (F, D° is also an external Neutrosophic soft cubic set (ENSCS). 
F*(e,) = (FRe,))° forall e,eal 


= (F(e,)) (as —(He,) =e; ) 


C 
denoted by (F,I)~ and defined as 
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Proof. 


aaa 1-2! (x)21-A;! (x)orl— Af! (x)21-2! (x), 
(F,D={ Fle )= [= Ae, O). Ae, (x)>:x eX} e, EI} i i i 


is an INSCS this implies 

—T T +7 
Ae. (x)s he. (x) S Ae. (x) z 

—[ I +1 
Ae. (x) < he. (x) < Ae. (x) , 

—F F +F 
Ae. (x)s he. (x) S Ae. () # 
for all e, eI and for all x eX. 
thisimplies 
1- Ag” (x)S1- Ag, (x)<1— Ag" (x), 
1- Ag" (x) <1- de, (x) <1- Ag" (2) | 
1- Ag" (x) <1- 16, (x)<1- Ag" (x) 


for all e; €I and for all x eX. 


Hence (F, iy is an INSCS. 


Given 


(F,D={ Fle )={<x,Ag, (X),%¢, (KX) >: x eX} ce; ET} is 
i i 
an ENSCS this implies 


Ae (x) @(Az" (x), AZ" (x), 

Ae, (x) € (A, (x). Ao (x) 

Ae, (x) @(AL" (x), Ae" (x) 

for all e; aieadien aie 

Since Ae (x)# (A(x), Aci (x) & 
O<A*(x)S AM (a)S1, 

Ae (x)@(Ae'(x), An (x) & 

O< A, (x)< Ay (x)<1, 

Az (x)@ (Az, (x), Az” (x)) & 

OSA" (x)s An" (x)S1 

So we have 

Ab (x)< Aa! (x)or ag? (x)< 42 (x), 


X (x) < A, (x)or AY (x) < Ke (x) . 
ve (x) < AS (x) or A (x) < ves (x) 


this implies 
tA) (SISA. (orl =A a1 7) a), 


1-4, (x)> [45 G) orl—A," (x)2 1-4, (x), 
for all e, eI and for all x eX. 

Thus 1— 2, (x)e(- A (x),1- Ay (x), 
TA eA aA) 

la, eee Gi lea (3) 

Hence (F,I) isan ENSCS. 


Theorem: 3.7 
Let 


(F, ID ={ Fle, )={<x, A, (x), 4, (x) >:x eX} e, eI }an 
d 
(G,J)={ Gle,)={< x, B, (x), W(x) >: x eX} eeS} 
be internal nuetrosophic cubic soft sets. Then, 

(1) @,D vu, (GJ) 1s an INSCS 

(2) (Do, (GJ) isan INSCS 


Proof: 
(1) Since (F,I) and(G,J) are internal neutrosophic 


soft cubic sets. So for (F,I) we have 
A." (x)s 2 (x)< At" (x), 


Ag! (x) 5 Ae. (x) S Ae. (ea... (x)< Ae, (x)< AS (x) 


for all e, el and for all x eX. 

Also for (G,J) we Bo. (x)< Me, (x)< Bee (x) , 

B,! (x) < Me (x) < Be (x) , Be (x)< Me (x)< Ber (x) 

for all e, ~J and for all x eX. Then we have 

max{A," (x)Bo! (is (AL Vv wo Yoo s max{A" (x). Bo" (x). 
max{Ap" (x). Be! (is ( AL Vv Me Yo) s max{ Ae" (x), Bo" (x). 


max{A,” (x), Bo” (xis (A" vu" yoo < max{AZ” (x), BI (x), 
Ll Ll e: ec; Ll Ll 


1 


for all e, elUJand for all xeEX. . 
Now by definition of P-union of (F,I) and (G,J), we have 
(F,D) U, (G,J) =(H,C) where LUJ = C and 


F(e;) if ee l—-J 
H(e;) = 4G(e;) if ee J—-I 
F(e;) ae G(e;) if eelas 


if e,€10J, then F(e;)v, G(e;) 1s defined as 
F(e,) V, Gle;)= H(e;)= 


i< x, max{A, (x),B, (x) }.(Ae, V Le, (x).x € X,eel OSS 
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where 

F’(e)v, Ge) = 
x max{A? (x), BT (x)},(g, V He,” (xe Xe; LOT} 
F’(e)v, Ge) = 

x max {Al (x),B! (x)}.p, V He axe Xe 1 0S 
F'(e)v, Ge) = 

Kx, max{A¥ (x),BY (x)}.o, V He)! (ax € Xe 1 OJ 
Thus is an INSCS if 


FDU, GJ) eed. 


Ife; «I-—J or e, ~eJ—I then the result is trivial. 
Hence (F,I) U, (G,J) 1s an INSCS in all cases. 


(2) 

and H(e;) = F(e;) A, 
ce EIMJ then Fi(e,) a 
H(e;) = F(e;) A, Gle)= 
i<x,min {A, (x),B, (O}.(A, Ade x) > xe X,eeT as} 

given that (F,I)and (G,J) are INSCS. 

SO we 
AL" (x)S Az (x)S AL (x), AL ODS A.) SAMO), 
A, e (x)< 2e (x) < Ay ig (x) 

for all e, el and for all x eX. 


And for (G,J) we have Be ee x)< Bi" (x), 


1 1 


Since (F,I) a, (G,J) = (H,C) where INJ =C 
Gie,) . If 


p GE;) is defined as 


. Also 


far have 


Bo (x) < ul (x) < Be (x), Bo" (x)s uk (x) < BEY (x) 

for all e; <¢J and for all x eX. 

min{ A,” (x), Bo (x)}< (A A ue \(x) < min{ A" (x), Bo (x)}, 
min{ A,’ (x), By’ (x)}< (AL Aw yx) S min Ae? (x), BY! (x)} 
min{ A," (x), Bo" («IS CAE A we Yoo) < min{ Ae” (x), BE" (x)} 
for all e,; eI Jand for all x eX. 

Hence (F,I) 4, (G,J) 1s an INSCS . 


Definition: 3.8 
Given two neutrosophic soft cubic sets (NSCS) 


(F,I)={ Fle) ={< X, Ag, (x), Ae, (x)>:x eX} e, el} and 
(G,J)={ Ge) =1< x, B,. (X), Me, (X) >: X EX} eceJ}, if 


we interchange Aand i, 


Then the new neutrosophic soft cubic set (NSCS) are 
denoted and defined as 


(F,I) ={ Fle) ={< x, Ae, (X); Me, (X)>:x EX} e; <1} and 


79 


(G,J) ={G(e,) ={<x,B,. (x), A,. (x)>:x EX} e, eJ } res 
pectively. 


Theorem 3.9 
For two  ENSCSs 


(F, D={ Fle) = {< X, Ag. (X), Ae, (x)>:x EX} e, El} and 
(G,J)={ Ge )={< X, Be. (X), fe, (x)>:xeX} e EJ }in 


X , if (FD and(G,J) are 
(F,I) Up (G,J) is an INSCS in X. 


Proof: 
Since 


(F, D={ Fle) = {< X, Ag. (X), Ae, (x)>:x EX} e, El} and 
(G,J)={ Ge, )={< X, B.. (X), fe, (x)>:xeX} e, EJ }are 


ENSCS. 
Then for (F,I)we have Ae, (x)¢ (A, "(x), AL "(x)), 


A (xe (An (x) A(x). Ae (xe) (AL (x), A” (x) 
for all e; <I and for all x eX (G,J) we have 
ue (x) (B(x), Be" (x), ae, (x) e (B(x), B(x) 
we (x) @ (Bz. (x), Be" (x) 

for all e; tan for all x eX. 
(F,I) ={ Fle) ={< x, Ae (X); Me, (x)>:x €X} e; <I }and 


INSCS in X_ then 


and 


Also given __ that 


(G,J) ={G(e,) ={<x, B., (x), Ae, (x) >:x EX} ej €J} are 
INSCS so this implies A," (x)< Me (x)< AY (x) , 
A,” (x)< Me, (x) < A (x) , AL” (x)< Me, (x)< A; ig (x) 
for all e; el and for all x eX. ner 

Be. (x)< he (x)< Be. (x) 

Bol (x) S Ae (0) S Bex), Be" (x)S AC (x) s Bo" (x) . 


for all e; eJand for all x eX. Since (F,D)and (G,J) 


x x 
are ENSCS and (F,I) and(G,J) are INSCS. Thus by 
definition of ENSCS and INSCS all the possibilities are 
under 


1) (al) AD (x)s Ao" (x)s ul (x)s AST (x 


® 
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(b2) wl (x 
(b3) wh (x 
2) (al) 


(a3) 
(b1) Bo" (x 
(b2) 
(b3) 


~ 
~. 
~ 


3) (al) A (x)s Ap" (x 


~. 


~ 
S loom. 
~ 


(a3) Ae (x)S AL" (x) we (x)S An” 

(bl) B."(x)s % (x)s Be" (x)s 

(b2) BL" (x)s 2, (x)< Be" (x) 

(b3) Bo" (x)S AC (x) S$ Be" (x)S me, 
4) (a2) AL" (x)S me (x) S ALT (x) A, 

(a2) Az" (x)s we (x) s Az"(x) 


(a2) A "(x)s i (x)< yas (x 


(bl) “2 (x) )<X 
(b2) we (x)s Bo" (x)< AQ, 
(b2) Me, (x)s B.. : (x) < Ae, (x) 


Since P-union of (F,I)and (G,J)is denoted and defined as 


(F,I) Up (G,J) = (AC) where 
F(e;) 
H(e;) = G(e;) 


F(e;) Vp Ge;) 


if e; €1OJ, then F(e,) vp G(e;) is defined as 


F(e,;) Vp G(e;)= 


\< x, max{A, (x),B, (x)}.(Ae, V Me, (0). x XE, OT 


where 


F'(e) vp G'(e,) = 


{s x, max{A’ (x),B’ (x)},(A_ vw (x), xe X,e,€I 0 1 


Aa (x)S He, (x) ) 
(a2) AL" (x) we, (x) s Az" (2) 
A, 


)s AL" (x) 
(a2) A, (x)< A "(ix)< LU (x)< 
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F'(e,) Vp G'(e,) = 


{< x, max{A’ (x),B’ (x)},(4 vu (x), x€ X,eEI a 1 
" ¥ 5 i 


F'(e) vp Ge) = 

{s x, max{A* (x),B" (x)},(A" vat (x),xe X,e,E10 | 
for all e, el7Jand for all x eX. 

Case: | 

If H(e,;)= F(e;) thatisif e,el—J 

then from (l1)(al) and (2)(al) , we _ have 

Xi, (x)= 7 (x)and J, (x)= re (x) 

for all e, eI and for all x eX. 


Thus 

Ag (x)s Ae, (x) 5 Ae" (x). 

for all e, el—Jand for all x eX. 

Similarly we can prove for (1)(a2) , (2)(a2) and (1)(a3) , 
(2)(a3). 

Thus A," (x)s al (x)< At" (x) and 
Ag (x)s Ae (x) Aa" (x), 

for all e; el—Jand for all x eX. 


Case: 2 
If H(e;)= G(e;) that is if e;e/ —J then from (1)(b1) 
and (2)(b1) , we have 


Me, (x)= Be (x)and px, (x)= Be" (x) 
for all e, <€I and for all x eX. Thus 
Bot (x}s me, (x)< Bee) . 


for all e, e J-I and for all x eX. Similarly we can 
prove for (1)(b2) and (2)(b2) and (1)(b3) and (2)(b3). Thus 
Bo" (x)s L. (x) < Be" (x) and 

By )Si )S 8.) 


for all e; eJ—I and for all x eX. 


Case: 3 
If H(e;)= F(e,)vp Gle,) that is if e;e2OJ, then 
from (1)(al) and (1)(b1) ; we have 


A,’ (x)s Ae, (x)< Ay (x) for all e; <I and for all x eX. 


and 
By’ (x)< ie (x)< Bi" (x) for all e; €J and for all x eX. 


e. 
l l l 
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Hence (i) 
e, €IOJ then 


mart hg s| 2 vy 


ej ej 


7 Jo) saan (x x), Be’ (x)}. 


Similarly we can prove (1)(a2) 


(1)(b3) . 
Thus 


mart ae! oh BG! is[ at va 


€j €j 


» (1)(b2) and (1)(a3), 


1 oo santa (x) Be (x)} 


»max{A," (x), Be, Fiahs[ a Vil F Joy emaxtae( x), Be” (x)} 


ej Cj 


Thus in all the three cases (F,I) Up (G,J) 1s an INSCS in 
X. 


Theorem: 3.10 
For two  ENSCSs 


(FI) ={ Fle) = (<x, Ag. (x), Ae, (x) >:x €X} € €T }and 
(G,J)={ Ge) =1< x, B,, (X), Me, (x)>:xeEX} ee] hin 
X if 
(F,I) ={ Fle) ={< x, Ae, (X); Me, (X)>:x €X} e; eI} and 
(GJ) ={G(e)=(<x,B,. (x), Ay, (x)>:x EX} e, €J} are 
INSCS in X then (F,I) Ap (G,J) 1s an INSCS in X. 


Proof: By similar way to Theorem 3.9 we can obtain the 
result. 


Theorem: 3.11 
Let 


(F,T)={ Fle) ={< X, Ag, (x), Ae, (x)>:x eX} eel} and 
(G,J)={ Gle )={< x, B.. (X), Me, (x)>:xeX} e, EJ }be 


ENSCSs in xX such that 
(F,I) ={ F(e,)={<x,A,. (x), 4. (X) >: x EX} e, el} and 


(G,J) ={Gle,)={<x,B,. (x), A, (x)>:x EX} e, eI} be 
ENSCS in X. Then P-union of (F,D)and (G,J)is an 


ENSCS in X. 

Proof: 

Since (F,T), (GJ),(F,D° and(G,J) are ENSCS so by 
definition of an external soft cubic set for (F,I), 
(G,J),(F,D° and(G,J) we have 


A, (x) € (AL (x), An" (x), 
Az (x) @ (A, (x), 40" (x)), 


for all e, eI and for all x eX. 


A(x) eA (Atl) 
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ue (x) (Be (x), Be (x). ae (x) Bo" (2), Be" (x) 
ie (x)¢ (Bo” (x), Br” (x)) for all e; e¢J and for all x eX. 
ue (x)e (A(x) A(x) . we (eta @)ArG) 
uF (x) eA? (x), Az? (0) 
for all e. <I and for all x eX. 
Ae (x)€ (Be (x) Ber (2). Ae, (xe Bei), Bax) 
AE (x) @ (Bo (x ), Bt nea) for all e; «J and for all x eX 
respectively. 
Thus we have 
a Vi T Joo a(max{A,"(x),B,’ (x)},max{Ae" (x),Bo" (x)}} 
ej ej i i i 
a! Vi ‘Joo ¢{max{A,"(x),B,"(x)},max{A;" (x), Bo" (x)}}. 
ej ej a i i 
a ve Jo e{max{A," (x),B," (x)},max{Ae" (x), Bo" (x)}} 
ej ej i i i i 
for all e, el7Jand for all x eX. Thus we have 
(A Vu Joo emaxta, (0), (0) 
ej ej i i 
for all e; e17J/and for all x eX. Also since 
(F,D) Up (G,J) =(H,C) where [UJ =C and 
F(e;) if eel—-J 
H(e;) = G(e;) ifeeJ—-I 
F(e;) Vv, Gle;) if eelas 


if ee IJ, then F(e;) v,, Ge;) is defined as 
Fe), GE) = H(e;)= 
K x, max{A,. (x), Be. (x)},(A. V He, yx), xe X,e,El OS}. 
where 


F’(e)v, Ge) = 


i 1 


: x, max{A’ (x), Be ofa 4 (x),xE reto4] 


F’(e)v, Gi(e;) = 


< Xx, max {A’* (x), B’ ofa! i (x) xEX,eelnJ 
" : Gj 
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F'(e)v, G'(e) = 


. x, max{A” (x), Bt (x)} [# 
: : Gj 
cubic _ set 


By definition of an_ external soft 


(F,T) Up (G,J) is an ENSCS in X. 


Example: 3.12 

Let (P,/)and (Q, J) be neutrosophic soft cubic sets in X 
where 

(P,1)=P(e,) 

= {<x,([0.3,0.5]{[0.2,0.5][0.5,0.7]), (0.8,0.3,04) >e, eT} 


(Q,J)=Q,) 

={< x, ((0.7,0.9]0.6,0.8][04,0.7}), (0.4,0.7,03)>e, €J} 
forall xeX 

Then (P,/)and (Q,J/) are T-external neutrosophic cubic 
sets in xX and(P, 1) Ap (Q,/) = 
(P,DN@,D=PAQC, ) 

={<x,([0.3,0.5][0.2,0. 7 {0 4,0.7)), (0.4,0.3,03)>e, EIJI} 


for all xexX. Op (Q, ) is not an T-external 
elec ic cubic cet since 
Ae A He (x), = O4 \E (03,05) = 
Ar T 
(NB al x), [az NB. ) 


From the above example it is clear that P-intersection of T- 
external neutrosophic soft cubic sets may not be an T- 
external neutrosophic soft cubic set. We provide a 
condition for the P-intersection of T-external (resp. I- 
external and F-external) neutrosophic soft cubic sets to be 
T-external (resp. I-external and F-external) neutrosophic 
soft cubic set. 


Theorem: 3.13 
Let 


(F,I)={ F(e,)={<x,A,. (x),4,. (x) >:x eX} e. el} and 

(G, J)={ Gle,) ={< x, B.. (X), Me, (x)>:xeEX} e, EJ }be 

T- ENSCSs in X such that 

max? { min (Ay T(x), Be (x)}, min (ace (x),B : Lr (sf, 

Bee (x)}, max (aye (x), BY r ()} 
(3.7) 


[Jz AH, T hon E 
min{ max (att (x), 
I 


for all e; <~I andfor all e, ~Jand for all x eX. 
Then (F,I) Ap (G,J) 1s also an T- ENSCS. 


Proof 
Consider (F,I) Ap (G,J) =(H,C) where INJ =C 


where H(e;)= F(e,)A, Gle;) is defined as 
F(e;) A, Gle;)= H(e;) 
— ‘K X, min{ A, (x), Be. (x)},.A. A fe, (X).X Ee X,e, eLAL |: 


B Jouremeeros| 
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For each eel oJ, 
Take 


ot = min max Ao (x), Bo (x)}, max fA (x), po (oh and 
ej ej ej ej 


pr = max min( Ay (x), Be (x)}.min{ A, (x), BY P (| 


T . —T =F +T +T 
Then @, is one of Ay. (x), Be. (x), Ay, (x), D5. (x). 
Now we consider a, = a(x) or at! (x) only, as the 
ee ej 


remaining cases are similar to this one. 


Hm Ce A,! (x) then 
1 Cj 
B,’ (x) < Bi (x) < A) AtT(x) and so B, = 
l l 1 l i 
i) 
thus Bo! (x)= (A, OB.) (a) < (A, OB, )*(x) = 
l 


Ti \- Bt ‘ioe & 
BET (x) pe. = G oe Joo. 
Hence (a Au Jo ¢ (az AB.) (s(A, aBl)*(0) 
l l I I 1 1 
T T +7 +T 
If @%, = ait (x) then By (x) < Ay. (x) < B. (x) 


T os 
andso f, = max{A,, 
l 


T()B T(x). 


So from this we can write B_ 


G AH, 7 Je < 


—[ ss T 
B., (x) < AZT (x) < (a 


AST (x) < wT) or 


ej 
AM, JO = AsT Oy S wT (0) 
ej ie ae 


TT 
G A He Jo < 


AT! (x) < Bt (x) it 1S contradiction to the fact that 
ej ej 


:; —T 
For this case 5. (x) < A! (x) < 


€j 


(F,I)and (G,J) are T-ENSCS. 


For the case 


/ are 8 
(a ane Jo = 


we have G Aue Jo = 
GE & 
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A MK Jo = 


T jes T gee T 
(42 BEY 0.AT OBEY) pecause (45 


ATG) = (ALO B')*(x). Again assume that es = 
el l L : 
Bo (x) then a < SL < 


(a AH, a < Ax? (x \= Bt! (x). From this we can 
l 


write Ast (x) < 
l 


B,” (x) = 


€j 


By. (x) OF ADT (x) S BLT (x) 


2 AL, 7 J < ASE (x )< 
< Cs AH, 7 Jes = At" (x) S Bt (x). For this case 
os 
T 
< (a AL, 1 Joo < ait (x) S BEY (x) 


it is contradiction to the fact that (F,l)and (G,J) are T- 
ENSCS. And if we take the case A, (x) < Be (a) = 
l l 


—T 
PG) = #7) < 


Cs AH, 7 Je eee )< BAT (x); we get have 


(a Au Jo ¢ (AZ BP y(), AZ BEY") 
l l 


T T _ _ 4s 
because (a He Jo . Ay (x) = (A, OB)" @)- 
Hence in all the cases (F,I) Ap (G,J) 1s an T-ENSCS in 
X. 

Theorem: 3.14 

Let 

(F.D={Fle)={<x,A, (),A, (0) >:x eX] el} and 
(G,J)={ Gle )={< x, B.. (X), Me, (x)>:xeX} e, EJ }be 
I- ENSCSs in X such that 


min} max{A*! (x), 
&j I 


max, { min{ At (x), B =o (x)}, min{ At (x), B hs (x)} 
Gj a a a 
(3.8) 


B = (x)}, max{A/ (x), B ot () 
] ej ej e 
(2! A H, i Jo E 


for all e, el andfor all e,; eJand for all x e©X. Then 
(F,D Ap (G,J) 1s also an I— ENSCS 


Proot: 
By similar way to Theorem 3.13, we can obtain the result. 
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Theorem : 3.15 


Let 
(F,D={ Fle) ={< X, Ag. (X), Ae, (x)>:x eX} e. El} and 


(G,J)={ Gle;)={< x,B, (x), (x) >: x eX} e ES } be 
F- ENSCSs in X such that 
min] max (a2 (x) 
i 


(a AE Jo E 
max min { aye (x), ee (x)} 5 min( A,” (x) Bye | 


BS (x)} : max(A, (x), a (). 


l 


for all e; <~I andfor all e, eJand for all x eX. Then 
(F,]D) Ap (G,J) 1s also an F- ENSCS. 


Proof : By similar way to Theorem 3.13, we can obtain the 
result 

Corallary:3.16 

Let 


(FD={Fle)={<x,A, (x), A, ()>:x EX] © €l} and 
(G,J)={ Ge) ={< x, Be. (X), Me, (>: X EX} CET} be 
ENSCSs in X. Then P-intersection (F,I) Ap (G,J) 18 also 


an ENSCS in X when the conditions (3.7), (3.8)and (3.9) 
are valid. 


Theorem: 3.17 
If neutrosophic _ soft cubic set 


(F,I)={Fle,)={<x,A, (x),A, (x)>:x€X} &; eT} and 
(G,J) ={ G(e;) ={<x,B,, (x), Me, (x)>:x EX} ej eS Jin 


X satisfy the following condition 


min max (aye (x), Be (x)}, max ae: (x), Bye )} 
as AM, Ny 
= max|{ min{A? F(x), Be (x)}, min{A,* (x), By i (0) . (11.1) 


then the (F,I) Ap (G,J/) is both 


an T-Internal Neutrosophic Soft Cubic Set and T-External 
Soft Neutrosophic Cubic Set 


in X. 

Proof: Consider =§(F,I) Mp (G,J) =(A,C) where 
INJ=C where H(e)= F(e;)A, Gle;) is 
defined as 


F(e,) Ap G(e;) = H(e) = 
(<x,min{ A, (x),B,, (x)},(Ae, Ate )0)>:X EX} @ EIN] 


where 


R. Anitha Cruz and F. Nirmala Irudayam. More On P-Union and P-Intersection of Neutrosophic Soft Cubic Set 


84 


Neutrosophic Sets and Systems, Vol. 17, 2017 


F' (e;) Ap G' (e;) = (G,J)={ Gle,) ={< x, B.. (X), Me, (x)>:xEX} e; €J fin 
{< xX, min{ A (x), Br (x) },( a A Me \(x)>:x EX} e, EINK} satisfy the following condition 
For each e, €IAJ Take min max (ay (x), B (x)}, max (ay (x), By ()} 

‘ ereneree: T —T —T T 
Ae = min max (Ay (x), ee (x)},max Ma (x), By (| and = ( at , om i x) 


2. = max {min(A , (x),B (x)},min (A, * (x). BY ‘ >} . Then 
= maxi min{ A? (x), Be (x)}, min{A, (x), By 4 (0) bees (11.2) 

then the (F,I) A, (G,J) is both 

an I-internal neutrosophic soft cubic set and an I-external 


ne . T : : 
cases are similar to this one. If @ = ,a-/ (x) then soft neutrosophic cubic set 
“i e; in X. 


T. = 7 
ais one of A," (x), By” (x), 4g" (x), Bo’ (x). Now we 


Z T = +T eer 
consider @, = As (x), or Ag. (x) only, as the remaining 


Bo! (x )< Bt! (x Vz A, (x), < ATF (x) and so Bo = Theorem :3.19 


“i “I . “I If neutrosophic soft cubic set 
BtT (x) this implies 4-7 (,)=a7! = (aay a) = (FD= (Fle) ={<X,Ae, (X).4y, (0) >:x EX] @; €1)} and 
l e. l i 
; , : (G,J)={G(e,)={<x,B,, (x), Ay, (x)>:x EX} ej EJ Fin 
T + = a3 : : 
Be, Z Bo. (x). Thus B e; (x) <8 e; (x)= x satisfy the following condition 
T min) max( AP (x), BO” (x)},max{A_” (x), Bt” | 
x, AW, (x) = A T(x) < tT (x), which implies “i “i i “i 
Gi &j | oi F 
fo 
that (a AL, a = Bt" (x)= (AL OB.) (x). a, 
F 


- max min A*F (x), B-F (x)) min AF (3), BF (x) 

Hence (a de 7 J Z (a? OB.) (x), (AL B")*(x)} l l i i 
saeeence! (11.3)then the (F, I) A, (G,J/) is both 

and (A, Cr) B. ) (x) < (az MM, Jo = (Ae, O™ Be )" (x). an F-internal neutrosophic soft cubic set and an F-external 
soft neutrosophic cubic set 

If @, = atl (y) then By" (x) < 4tT(,)< Bt ee ), ink. 

Cj l e; Corollary:3.20 
Let 


| irre & 
and so (a pve Jo = aoe @)= (AL OB.) (x). (F,I)={ Fle,) ={<x,A, (x),A,. (x)>:x eX} e, el} and 
7 1 1 
(G,J)={ Ge )={< X, B.. (X), Me, (x)>:xeX}e el} be 
NSCSs in X. Then P-intersection (F,I) Ap (G,J) 1s also 


(az OB. (x), (Ab, OB, ue) and an ENSCS and an INSCS in X when the conditions (11.1), 
(11.2)and (11.3) are valid. 


Hence (a A ue Jo Z 
ot 


(A? AB) (x) < G AM, rs (A, OB)" (2). | | 
| The following example shows that the P-union of T- 


Consequently we note that (F,I) A, (G,J) is both external neutrosophic soft cubic sets may not be an T- 


external neutrosophic soft cubic set. 
T-internal neutrosophic soft cubic set and T-external soft P 


reuOeeP ee Example 3.21. Let (P,/)and (Q,J/)be neutrosophic soft 
Similarly we have the following theorems ee re are 


Theorem 3.18 
i weuiecoonie;. SG. Gis El (P, 1) = P(e,) = {< x, ((0.3,0.5] [0.2,0.5][0.5,0.7]), (0.8,0.3,04) >e, eT} 


(F,I)={ Fle )=1< x, Ae. (x), he, (x)>:x eX} e; €]} and (Q,J)= Qe) ={<x, ([0.7,0.9]}0.6,0.8][04,0.7)), (0.4,0.7,03)>e, J} 
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Then (P,/)and (Q,J/)are T-external neutrosophic cubic 
setsin X and cP, 7). CO, JI=—= PX Cee, Dd 


consider OL. = AS? (x) or Att (x), only as the remaining 
l : 1 
={<x,([0.7,0.9][0.6,0.8][0.5,0.7]), (0.8,0.7,04)> } | 


cases are similar to this one. 


(P,1)U, (Q,/) 1S not an T-external neutrosophic cubic T 
set in X sin If Qa. = Az. (x) then 
(at Vv ul, \s) = 0.8 € (0.7,0.9) = 


Ar UBT (Gy; AL usr | 


i 
e] 
Wexconsider a condition for the P- Pe) of 


Bo) S BY (x) <47t (x) < AS (a) and so B - 
“el, / l e: ' . 
-external 


BO (x)  .Thus (A, U Be ) (= At (a) a, 


(resp. I-external and F-external) neutrosophic soft cubic ej 
sets to be T-external (resp. I-external and F-external) : 
neutrosophic soft cubic set. e ( ’ ue i x). ance ( ri . ue i x» ¢ 
7 | Go & 
Theorem 3.22 T T.- T T T 
ae (A? UBT), AZ UBE)*(0). If a? = At? (), then 
L 


(F,D={ Fe) ={<x, A, (x), A, (X) >: x eX} e El} and 
(G,J)={ Gle,) =1< x, B,, (X), Me, (X) >: XX} e- EJ } be ; 5 : 
T- ENSCSs in X such that max{A,, (x) Be. (x)} . Assume that f., = Ayr (x) then 


l 
max min{A*! (x), B-? (x)},min{A~! (x), Bt? (=)p 
ej ej ej ej 


Bee (x) < ie (x) < By" (x) and sO Be = 


[a vil T lays Bo (x) < ATT (x) < G VE, a < AT (y ) 


min{ max(A*? (x), BT (x)),max (Ar? (x), B*7 (0) = ej 
i i ej eI < T 
eee (12.1) = By (x)- So from this we can write 
for all e, eI andfor all e, eJand for all x eX. Then ee T 
(F,D) Up (G,J) is also an T- ENSCS. Be. (x) = Az. (x) < G ORS 7 Jeo < 
Proof: —T 
+T (.\ < ptT ay 
Consider (F,I) Up (G,J) =(H,C) where IUJ =Cand re oe Be. (x) B,. (x) aaa (x)= 
Fle, if ecl—-J 
(e;) i (A vat Jo < AtT (x) < BtT (x). 
H(e;) = 4G(e;) if ee J—-I Gj & ej Cj 
F(e;)v, Ge;) if ee Ind on ee B(x) < al) < 
where H(e,)= F(e;)v, G(e;) 1s defined as 
‘iene a mar ae 
F(e,)V, Ge)= H(e,)= Caz Jo < Ay (x) < BS! (x) it is contradiction to 


‘K x, max{A, (x),B, (x) },Ae, V Me, )), x © Xe, LOT j > the fact that (F,I)and (G,J) are T-ENSCS. For the case 
where 


—T T 
F’(e)v, G'(e) = Bo. (x) S477 (x)= G VE, 7 Jeo < 
T T T ie 
Kx, max{A’ (x), Br (x) Ae, V He. \x),xe X,ee1 0S}, AT () Ser (x) we — have G vil a ¢ 
Ife. elon, 5 ej 
Al UB?) (x), Ai UB")*(x)] b 
me = min} max( AS" (3) 8-7 (x))smaxt az? (x) 827 (x) | ee ee ) eae 
l l l l r oe 7 T OT 
and (A, UB.) (x) = i (x) (2 vat Jo 
Poe: ap atl —T ye a & +7 
Pe = max, (min( 42 (x). B., (x)},min{ A’, (x). Be | hee: ascnine: tak Br z Bo" (a) re at () < 
Th a i f 
en e, 1S one O BT (x < G VE, a < ALT (x = BET (x): so from 
A,” (x). Ba (x). 0%, Ay (a) BG), Now we 
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this we can write 


TT 
(a wut Jo i Ay (x) S BS! (x) a AG) ss 


l 


| ees & 
= CALA < ALT (x) S Bt! (x). For this case 


i ieee a 
a vit Jo . Ay (x) s By! (x) 


it is contradiction to the fact that (F,J)and (G,J) are T- 
ENSCS. And if we take the case AS? (x) < Bo" (x) — 
l l 


‘ea as 


&j i 


/ eon a 
Cx He Jo < Ay” (x) < Bx" (x), we get have 


(aaa 
G Whe Jo Eg 


(a? UB, ) (x) AG UB, )* (x) lbecause (A, UBL) (x) 


= B,! (x) = Te (x). If e €I—Jor e, €J—I ,then 
ej a 
we have trivial result. Hence (F,I)U, (G,J)is an T- 


ENSCS in X. 
Similarly we have the following theorems 


Theorem:3.23 
Let 


(F,D={ Fle,)={<x,A,. (x),4,, (x) >: x eX} e; eT} and 
(G,J)={ Gle, )={< x, B. (X), Me, (x)>:xeX}e EJ }be 
T- ENSCSs in X such that 
max min{A*" (x), Bo" (x)},min(A>” (x), Bt? (°)p 
es van Jo : fe oe 

min} max (A? T(x), Be (x)}, max (A, (x), B , t («)} 


for all e; el and for all e; <¢/ and for all x eX. Then 
(F,I) Up (G,J) 1s also an T- ENSCS. 

Theorem :3.24 

Let 

(F,D)={ Fle) ={<x, Ae. (X), Ae, (x)>:xeX} e, el} and 
(G,J)={ Gle )={< x, B,. (X), Me, (x)>:xeEX}e EJ }be 
T- ENSCSs in X such that 

max min{Ay T(x), Bee (x)}, min{A, (x), By - ()} 


je 8 
[2 Vie Jo E 
ee: min} max{A*? (x), BO 7 (x)},max{A_* (x), Bt" (x) 

l l l l 


for all e; <~I andfor all e, ~Jand for all x eX. Then 
(F,]) Up (G,J) 1s also an T- ENSCS. 
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Corollary:3.25 
Let 


(F.D={F(e)={< X, Ag. (X), Ae, (x)>:x eX} e. el} and 
(G,J)={ Gle,)=1< x, B,, (X), Me, (x)>:xeX}e eS} be 


ENSCSs in X. Then (F,I) Up (G,J) 18 also an ENSCS in 
X when the conditions (12.1), (12.2)and (12.3) are valid. 
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1 Introduction 


L-fuzzy sets constitute a generalization of the notion of 
Zadeh's [26] fuzzy sets and were introduced by Goguen [8] 
in 1967, later Atanassov introduced the notion of the intu1- 
tionistic fuzzy sets [1] Gau and Buehrer [7] defined vague 
sets. Bustince and Burillo [2] showed that the notion of 
vague sets is the same as that of intuitionistic fuzzy sets. 
Deschrijver and Kerre [5] established the interrelationship 
between the theories of fuzzy sets, L-fuzzy sets, interval val- 
ued fuzzy sets, intuitionistic fuzzy sets, intuitionistic L- 
fuzzy sets, interval valued intuitionistic fuzzy sets, vague 
sets and gray sets [4]. 


2 Preliminaries 


Definition 2.1. [26] Let X be a nonempty set. 
A fuzzy set A of X isa mapping A: X — (0, 1], 
that is, 

A= {(a, wa(x)) : wa(x) is the grade of member- 


ship of x in A, x € X}. The set of all the fuzzy 
sets on X is denoted by F(X). 


Definition 2.2. [8] Let X be a nonempty 
ordinary set, L a complete lattice. An L-fuzzy set 
on X isa mapping A: X > L, that is the family 
of all the L-fuzzy sets on X is just L* consisting of 
all the mappings from X to L. 

Definition 2.3. [1] An Intuitionistic Fuzzy Set 
on X is a set 

A= {(&, WA(@),Va(z)) av © XY}, 
where a(x) € [0, 1] denotes the membership 
degree and va(x) € [0, 1] denotes the non- 


membership degree of x in A and 
walt) +va(z) <1,Va € X. 


crisp functions on Neutrosophic sets and study some prop- 
erties of such extended functions. 


The neutrosophic set (NS) was introduced by F. 
Smarandache [22] who introduced the degree of indetermi- 
nacy (1) as independent component in his manuscripts that 
was published in 1998. 


Multi-fuzzy sets [12, 13, 16] was proposed in 2009 by 
Sabu Sebastian as an extension of fuzzy sets [8, 26] in terms 
of multi membership functions. In this paper we generalize 
the definition of neutrosophic sets and introduce extension 
of crisp functions on neutrosophic sets. 


Definition 2.4. |22]A Neutrosophic Set on X isa 
set 


A= {(x,T4(x), T(x), Fa(z)): 2 € X}, 
where Ty(xz) € |0, J the truth 
membership degree, I4(a”) € [0, 1] denotes the 


denotes 


indetermi-nancy membership degree and F'4(x) € 
(0, 1] denotes the falsity membership degree of x 
in A respectively and 

0< T4(x) + I4(a) + Fa(x) < 3,Va € X. 

For single valued neutrosophic logic (7, I, F’), 
the sum of the components is: 0 < 7 4+/4+F < 3 
when all three components are independent; 0 < T’ 


+ [1+ F< 2 when two components are dependent, 





while the third one is independent from them; 0 < 
T+ [+ F< 1 when all three components are 
dependent. 


Definition 2.5. [12, 13, 16|/Let X be a nonempty 
set, J be an indexing set and {L;: 7 € J} a family 
of partially ordered sets. A multi-fuzzy set A in 


X isaset: 


A= {(x, (45(@)) jeu) SEE X, [i € L I5 J}. 
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The indexing set J may be uncountable. ‘The 
function Wa = ([4; )je,7is called the membership 


function of the multi-fuzzy set A and 


he ie ,Lj;is called the value domain. 
If J = {1, 2, ..., n} or the set of all natural numbers, 
then the membership function wa = ({11, [2, ---) is 


a sequence. 





In particular, if the sequence of the membership 
function having precisely n-terms and L; = (0, 
1], for J = {1, 2, ..., n}, then n is called the 
dimension and M"FS(X) denotes the set of all 


multi-fuzzy sets in X. 


Properties of multi-fuzzy sets, relations on 
multi-fuzzy sets and multi-fuzzy extensions of 
crisp functions are depend on the order relations 
defined in the membership functions. Most of the 
results in the initial papers [12, 13, 15, 16, 18] are 
based on product order in the membership 
functions. The paper [21] discussed other order 
relations like dictionary order, reverse dictionary 
order on their membership functions. 


Let {L;: 7 € J} be a family of partially ordered 
sets, and 


A ={(e, (uj (0))jer):@ EX, 

[ize ae Fed; ond B= 1s (@) ey) 2a 
X, UV; € L* , 7 € J} be multi-fuzzy sets in a 
nonempty set X. Note that, if the order relation 
in their membership functions are either product 
order, dictionary order or reverse dictionary 
order|16, 21], then; 

e A=Bifand only if y;(@) =v; (x), Va € X and 
for allj E J 

© AUB= {(a, (uj(@) Vj ¥;(@)) jer) + @ © X} and 
© AMB= (x, (uj(@) Aj ¥j(@))jer) 4 © Xf, 
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where V; and /,; are the supremum and infimum 
defined in L; with partial order relation <;. Set 
inclusion defined as follows: 


e In product order, A C B if and only if yw; (x) < 
v;(x), Vx € X and for all € J. 


e In dictionary order, A C Bif and only if p4(2) < 
v1(x) or if w4(x) = 14(x) and 
pg(x) < W9(x), Ve EX. 


Definition 2.6. Let L be a lattice. A mapping’: 
L > L is called an order reversing involution [25], 
if for alla,be L: 

1. Ga b= 6b G- 
Da) ea 

Definition 2.7. [23] Let’: M—> Mand’: L> L 
be order reversing involutions. A mapping h : M 
— lL is called an order homomorphism, if it 
satisfies the conditions: 

1. h(Oy) = Oz; 
2 ag = VIG; | 
3. h-*(b') = (Rh (0), 
where h~! : L > M is defined by, for every b € L, 
h-*(b) = V{a € M : h(a) < dF. 


Generalized Zadeh extension of crisp functions 
[24] have prime importance in the study of fuzzy 
mappings. Sabu Sebastian |16, 13]generalized this 
concept as multi-fuzzy extension of crisp 
functions and it is useful to map a multi-fuzzy set 
into another multi-fuzzy set. In the case of a crisp 
function, there exists infinitely many multi-fuzzy 
extensions, even though the domain and range of 


multi-fuzzy extensions are same. 


Definition 2.8. [16] Let f: X — Y andh: [| M; — |[ZL; be a functions. The multi-fuzzy 
extension of f and the inverse of the extension are f : [] M* > |] Ly and f~!:]] Ly + |] Ms 


defined by 


fA)\y)= Yo aA) 


y=f (2) 


and 


f° (B)(«) = h*'(BCF (2) 


) Ae][ Me, yey 


)), Be] [LF, ce Xx; 


where h~' is the upper adjoint [23] of h. The function h : [] M; — |] ZL; is called the bridge 


function of the multi-fuzzy extension of f. 


Sabu Sebastian, Florentin Smarandache. Extension of Crisp Functions on Neutrosophic Sets 


90 


Remark 2.9. In particular, the multi-fuzzy 
extension of a crisp function f : X — Y based on 
the bridge function h : I* > I” can be written as f: 
MFS(X) > M™FS(Y ) and f-': M®FS(Y) > 
MFS(X), where 


f(A)(y) = ie ce Ae M*FS(X), ye Y 


and 


f-'(B)(a) = h-"(B(f(a))), BE M*FS(Y), a € X. 
In the following section [[M; =|] L;= IP’. 
Remark 2.10. There exists infinitely many 
bridge functions. Lattice homomorphism, order 
homomorphism, lattice valued fuzzy lattices and 


strong L-fuzzy lattices are examples of bridge 


functions. 
Definition 2.11. [10] A function ¢ : [0, 1] x (0, 
1] — [0, 1] is a t-norm if Va, b, c € [0, 1]:(1) t(a, 1) 
= a; 
(2) t(a,b) = t(6, a); 
(3) t(a, t(0, c)) = t(t(a, b), ¢); 
(4) b<c implies t(a,b) < t(a,c). 
Similarly, a t-conorm (s-norm) is a commutative, 
associative and non-decreasing mapping s :{0, 1| 


x |0, 1] — [0, 1] that satisfies the boundary 


condition: 
s(a,0) =a, for all a € [0, 1]. 


Definition 2.12. [9] A function c: |0, 1] > [0, 1] 
is called a complement (fuzzy) operation, if it 
satisfies the following conditions: 

(1) :e(0)}:=1-and-c(1) = 0, 
(2) for all a,b € [0,1], if a < b, then c(a) > c(b). 
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Definition 2.13. [9] A t-norm t and a t-conorm 
s are dual with respect to a fuzzy complement 
operation c if and only if 

c(t(a, b)) = s(c(a), e(6)) 
and 

c(s(a, b)) = t(c(a), e(6)), 
for all a,b € [0,1]. 

Definition 2.14. [9] Let n be an integer greater 
than or equal to 2. A function m : [0, 1]” > [0, 1] 
is said to be an aggregation operation for fuzzy 
sets, if it satisfies the following conditions: 

1. m is continuous; 
2. mis monotonic increasing in all its arguments; 
3. m(0,0,...,0) = 0; 
A ee Maen A) ls 


3 Neutrosophic Sets 


In this section, we generalize the definition of 
neutrosophic sets on |0, 1]. Throughout the fol- 
lowing sections Xis the universe of discourse and 
A € M?FS(X) means A is a multi-fuzzy sets of 
dimension 3 with value domain J°, where [° = (0, 
1] x [0, 1] x [0, 1]. That is, A € (J°)*. 


Definition 3.1. Let X be a nonempty crisp set 
and 0 <a <3. A multi-fuzzy set A € M°FS(X)is 
called a neutrosophic set of order a, if 

A= {(x, T(x), Ia(x), Pa(x)) 2 EX, 
0< T(x) + Ia(x) + Fa(x) <a}. 

Definition 3.2. Let A, B be neutrosophic sets 
in X of order 3 and let t, s, m, c be the t-norm, s- 
norm, aggregation operation and complement 
Then the 


intersection and complement are given by 


operation respectively. union, 


1. AUB= {(2, s(Ta(x),Ta()), mUZa(2), In(x)), (F(z), Fa(x))) : 2 € X}; 


2. Af) B= {(a,t(Ta(x), Ta(w)), mUa(2), Ie (a)), 8(F'a(), Fa (x))) 2 @ © X$; 


3. A° = {(2,c(Ta(x)), eC a(x)), c(Fa(x))) > a € X}. 


Sabu Sebastian, Florentin Smarandache. Extension of Crisp Functions on Neutrosophic Sets 


Neutrosophic Sets and Systems, Vol. 17, 2017 


4 Extension of crisp functions on neutrosophic 
set using order homomorphism as bridge 
function 


Theorem 4.1. If an order homomorphism h : [? 
— [° is the bridge function for the multi-fuzzy 
extension of a crisp function f : X — Y, then for 
every k € K neutrosophic sets Azin X and B;in Y 
of order 3; 


1. A, C Az implies f(A;) C f(A); 


2. f(UA,) = Uf (Ag); 
3. f(NAg) C Af (Ag); 


4. B, C Bo implies f~!(B,) C f7}(Ba); 


9] 


= Vih(ArexAg(a)) «© X, y= flx)} 
= Vin Age) ee xX, y= i @} 
for each k € kK. Hence 
f(NAg)(y) < Anek V {h(Az(a)) : 2 EX, 
= f(x)} = Anexf(Ar)(y), 
thus f(NAz) C Af(Ag). 


4. B,C Boimplies Bi(y) < Bo(y), Vy € Y. 


Hence 
f-*(Bi)(«) = h-"(Bi(f(z))) < h-*( Bol f(z))) = 
f-'(Bo)(x), Vx € X. 


Therefore, f~'(B,) C f7+(Ba). 


5. For every x € X, we have 


5. f-*(UB,) = Uf (Br); f-"(UBg)(@) = ho" ((UBg)(f(@))) = A "(sup By(f(«))) 
6. f~'(ABR) = Of~* (Br); = sup h“*(Bg(f(x))) = sup f~*(Br) (2) 
kek kek 
7. (f-'(B)Y = f(B); = (Uf (Br))(2). 
8. AC f-l(f(A)): Hence f~'(UB,) = Uf~*(By). 
9. f(f-1(B)) CB. 6. For every x € X, we have 
eal FAB) (a) = W-'(MB,)(F(@))) = AMC ink, Bu FC@)) 
1. Ay C Agimplies Ay(x) < Ao(x), Vx € X = ae h~*(Bg(f(x))) = ee f~*(Br)(«) 
and implies = a 1B «))(2). 
h(A,(x)) < h(Ao(x)), Va © X. 
Hence - Hence f~"(NBy) =O f~*(Bx). 
Vih(Ai(z)) EX, 7. For every x € X, 
y= flo)} < V{W( Arle) sa €X, f(BY(@) = h-(BI(fl@))) = h-BU(@))'= 


y= f(x)t and f(Ai)(y) < f(A2)(y), 
Vy E Y. That is, f(A) C f(Ag). 
2. For every y € Y, 
f(UAk)(y) = V{R((UAR)(@)) :@ EX, 
y = f(x)} 
V{h(VAg(@)) 2 EX, y= f(x)f 
= ViVeckh(Ag(a)) :@ © X, y= f(x)} 
Veeck V {h(Ag(x)) :@ EX, y= f(x)} 
Vick f(An)(y), 
thus f(UA,) = Uf (Ag). 
3. For every y € Y, 
F(A) (y) = V{R((NAg) (x): @ EX, 
y = f(x)} 


(F-1(B))(x), since f-1(B)(z) =h7}(B(f(a2))). 
Thatis.§ (BSF 4B). 
8. For every ro €_X, 


A(to) < V{A(z): a €X, x € f-*(f(20)} 
< A l(n(v{A(x2):a2 eX, « € fo (f(ao)})) 
= bh (v{A(A(a)) :@ 6 X, # € f-"(F(a0))}) 
= h“(f(A)(f(x0))) 
= f“*(F(A))(20). 

9. For every y € Y 

ff (B)y) = sup AF (B)@) 

= sup h(h7'(B(f(2)))) 
y=f(2) 
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h(h*(B(y))) 


Bly). 
Hence f(f~'(B)) CB. 


IA 


Proposition 4.2. If an order homomorphism 
h: I? + I’ is the bridge function for the extension 
of acrisp function f: X — Y, then foranyke Kk 
neutrosophic sets Az.in X and Bin Y: 


1. f(Ox) = Oy; 
2. f(UAg) = Uf(Ax); and 


3. (f-"(B))’ = fF" (B), 


that is, the extension map / is an order 
homomorphism. 
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Abstract 

Software engineers are involved in complex decisions that 
require multiples viewpoints. A specific case is the require- 
ment prioritization process. This process 1s used to decide 
which software requirement to develop in certain release 


from a group of candidate requirements. Criteria involved 
in this process can involve indeterminacy. In this paper a 
software requirement prioritization model is develop based 
SVN numbers. Finally, an illustrative example is presented 
in order to show the proposed model. 


Keywords: requirement engineering, software requirement prioritization, SVN numbers. 


1. Introduction 

Software quality is influenced by the ability to satisfy 
client and user needs obtained and described in software 
requirements [1]. Many models have been proposed for 
software requirement prioritization [1-7]. However, these 
proposal present limitation for dealing with indeterminacy 

In order to overcome the drawbacks identified, in this 
contribution we propose a novel requirement prioritization 
process based on SVN numbers. 

In software requirement prioritization intervene differ- 
ent stakeholders approaching to the decision problem from 
a different points of view. It is moreover a multidimen- 
sional problems dealing with multiple criteria of diverse 
nature [8]. Therefore, the proposed model is based on a de- 
cision analysis scheme [9] and the approach presented in 
[8]. In order to deal with heterogeneous information pro- 
vided by several experts. 

This paper is structured as follows: Section 2 outlines a 
scheme of software prioritization. Section 3 shows the the- 
ory of neutrosophy. Section 4 presents our framework for 
software requirements prioritization. Section 5 shows an il- 
lustrative example of the proposed model. The paper ends 
with conclusions and further work recommendations in 
Section 6. 


2. Software requirement prioritization. 

One frequent reason that causes low quality software is 
associated to problems related to identifying and selecting 
the most important requirements [10]. Software require- 
ment prioritization can be modeled like a decision making 


problem, making it suitable to a decision analysis 
scheme[9]. Decision analysis is a discipline whose purpose 
is to help decision maker to reach a consistent decision 
[11]. 

Our proposal for a software requirement prioritization 
model dealing with indeterminacy is based on the classical 
decision analysis scheme. In this paper the software re- 
quirement prioritization process is modeled as a type of a 
Multi-Expert Multi-Criteria decision making problem due 
to the complexity of the problem where multiple criteria 
and experts are involved [10, 12]. 

In the software requirement prioritization process, it is 
very difficult to express reality in a quantitative way. 
Fuzzy set theory, introduced by Zadeh[13] in 1965, offers 
a mathematical model to deal with this kind of uncertainty. 
The fuzzy linguistic approach is based in the fuzzy set the- 
ory and especially in linguistic variable concept [14, 15]. 
This fact is important in software requirement prioritiza- 
tion where evaluation results are used to make decisions by 
software engineers in high complexity environment [16]. 
Current process of softeware prioritizationdon’t deal with 
indeterminacy . 


3. Neutrosophy 

Neutrosophy [17] 1s a philosophy branch developed for 
dealing with indeterminacy ( Figure 2). Neutrosophy have 
been the base for developing new methods to handle inde- 
terminate and inconsistent information like neutrosophic 
sets an neutrosophic logic [18, 19]. 
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Fig. 1. Static context of Neutrosophic logic [20]. 


The truth value in neutrosophic set is as follows [21]: 
Let N be a set defined as: N = {(7,1,F): T,I,F © 
[0, 1]}, a neutrosophic valuation n is a mapping from the 
set of propositional formulas to N , that is for each sentence 
p we have v (p) = (T,/,F). 

Single valued neutrosophic set (SVNS ) [22] was de- 
veloped with the goal of facilitate the real applications of 
neutrosophic set and set-theoretic operators. 

A single valued neutrosophic set (SVNS) has been de- 
fined as follows [22]: 

Let X be a universe of discourse. A single valued neu- 
trosophic set A over X is an object having the form : 

A= {(x, uA(x), rA(x), vA(x)): 

x EX} (1) 

where wy,(x):X —> [0,1], m(x),: X — [0,1] and 
v4(x):X > [0,1] with 0 < ug(x) + mx) + v,4(x):< 3 
for all x € X. The intervals u,(x), 74(x) y v4(x) denote 
the truth- membership degree, the indeterminacy-member- 
ship degree and the falsity membership degree of x to A, 
respectively. 

Single valued neutrosophic numbers (SVN number) is 
denoted by A= (a,b,c), where a,b,cE[0,1] and at+b+c<3 . 


4. A software requirement prioritization model 

Our aim is develop a software requirement prioritiza- 
tion model based on the linguistic decision analysis schema 
that can deal with criteria evaluated with SVN numbers. 
The model consists of the following phases (graphically, 
Figure 2): 


Rating 


Evaluation Gathering 


: : Software 
Tavke)aaatelateya 


Requirements 


framework 





Figura 2. Scheme of the Model. 


1. Evaluation framework: 
In this phase, the evaluation framework is defined to fix the 
requirement prioritization problem structure. The frame- 
work is established as follows: 
e Let E= {e,,¢€9,...,€,} (n = 2 ) bea set of experts. 
e §=Let C={c1, C2, ...,C,} (Kk = 2 ) be a set of criteria. 
e Let R={1%4,%,.-,%}(m = 2) bea set of require- 
ments. 
Each expert can use SVN numbers to asses each criteria, 
attending to its nature. 
2. Gathering information: 
Once the framework has been defined, the knowledge of 
the set of experts must be obtained. Each expert provides 
their preferences by using utility vectors. The utility vector 
[23] 1s represented in the following way: 
© P= Pip Pjar Pink » 
Where Djxis the preference provided to the criterion c, of 
the requirement r; by the expert e;. 
3. Rating software requirements. 
The aim of this phase is to obtain a collective linguistic 
global assessment easily interpretable for software engi- 
neers. To do so the information is unified and aggregated. 
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Finally those more prioritized are identified. This phase in 
based the approach reviewed in the Section 3 
A two-step aggregation process is developed with the aim 
of compute a global evaluation of each software require- 
ment. 
We obtain for each expert an assessment for each require- 
ment. 
The final aim of the rating process is to obtain a global 
evaluation of each requirement according to all experts. To 
do so, this process will aggregate all the experts’ collective 
assessment. In decision analysis schema aggregation oper- 
ating are important for rating options. Some aggregation 
operators have been proposed for SVN numbers [17, 24]. 
Single valued neutrosophic weighted averaging (SVNWA) 
aggregation operator was proposed by Ye [24] for SVNSs 
as follows[25]: 

Fy (Ai, Ap, oe! An) = 


(1-1%,(0) |, 


Q-Mata(4j@))  @ 
M1 (Fj) 


We propose this operator to establish different weights for 
each expert, taking into account their knowledge and their 
significance in software prioritization process 

Rating of the requirements 
The final step in the prioritization process is to establish a 
ranking among software requirements, this ranking allows 
selecting the requirements with more value and postponing 
or rejecting the development of others making more effec- 
tive the software development process. 
For rating alternatives an ideal option is constructed [26, 
27]. The evaluation criteria can be categorized into two 
categories, benefit and cost. Let C* be a collection of ben- 
efit criteria and C™ be a collection of cost criteria. The 
ideal alternative 1s defined as: 


= {(max}t..Ty, lj EC*, minj4Ty, lj 

EC”) (mink ,Iy, lj ect, maxjxzly, lj 

EC) ; (mink, Fy, lj 

EC, maxj-1Fy, lj ec) 

= [v74, V2, ney Vn | 

(4) 

Alternatives are rating according Euclidean distance to / 
(2). Ranking 1s based in the global distance to the ideal. If 
alternative x; is closer to J the distance measure (s; 
closer) better 1s the alternative [28]. 


Alternatives could be rated according Euclidean distance 
in SVN [26, 29]. 
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Let A* = (Aj, ,3A3 ,..,A; ) be a vector of n SVN num- 
bers such that A; * = (a;, bj, cj) j=(1,2, ... ,n) and B; = 
(Bi, Biz, ..., Bim) (L= 1,2, ..., m) be m vectors of n 
SVN numbers such that Bj; = (aij, bij, cj) (C= 1,2, ..., 
m), J = 1,2, ... ,n). Then the separation measure be- 
tween B,’s y A* is defined as follows: 


1 
x 2 #1\2)\2 
si= (52% {(lai-a ) +(lei-eF 1) f) 
(i= 1,2, ...,m) (2) 
The best requirement is the one with the miimun distance 
to ideal. 


p} * 
) +(|b)-b; 











5. Illustrative Example 

In this section, we present an illustrative example in or- 
der to shown the applicability of the proposed model. 
A. Evaluation framework 
In this case study the evaluation framework is compose by: 
3 experts E= {e,,e,e3, who evaluate 3 requirements R= 
{71,%,1%3}, where are involved 5 _ criteria 
C={C 1, Cz, ..,Cs}which are shown below: 
e C,: Importance for the customers 
e Cy: Value 


e C3: Cost 
e C4: Technical Complexity 
e Cs: Risks 


The following linguistic terms are used (Table I). 


Table I. Linguistic terms used to provide the assessments [26]. 





B. Gathering information 

Once the evaluation framework has been determined the 
information about therequirements 1s gathered (see Table 
Il). 
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Table II. An illustrative example of gathering information 


C1 C1 wa 


Cee pee 


C. Rating Requirements 





In this example, is applied a two-step aggregation process evaluations by requirement for each expert. In this case the 
to compute a collective evaluation for software require- weighting vectors to compute the collective evalua- 
ments. In our problem the SVNWA is used to aggregate tion is V=(0.3,0.3,0.4) . 


Table II. An illustrative example of unified and aggregated information 


TY 1) P3 


ae 


From this information, the ideal alternative is calculated 
(Table IV). 





The results of the calculation of the distances allow re- 
queriment. 


Table IV. Ideal alternative 
Et 


Table V. Distance to ideal alternative 
(0.2,0,0) 
(0.4,0.3,0.25) 
(0.38, 0.61,0.5) 


(0.49,0.21,0.17) Finally, we put in order all collective evaluations and we 


(0.24,0.49,0.41) establish a ranking among requirements with the purpose 
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of identifying the best ones. In the case study the ranking 
is as follow: 7, > % > 13 


After application in this case study the model is found 


to be practical to use. The aggregation process gives a high 
flexibility so the model can be adapted to different situa- 
tions. 


6. Conclusions 


In this paper, we have proposed a prioritization model 


based on the decision analysis scheme that can manage 
SVN numbers. We have applied the proposed model to an 
illustrative example. The model was found to be flexible 
and practical to use. The developing of software tool to au- 
tomate the model 1s an area of future work. 
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